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GEVREY CLASS SMOOTHING EFFECT FOR THE PRANDTL EQUATION 


WEI-XI LI, DI WU AND CHAO-JIANG XU 


Abstract. It is well known that the Prandtl boundary layer equation is instable, and the well-posedness 
in Sobolev space for the Cauchy problem is an open problem. Recently, under the Oleinik’s monotonicity 
assumption for the initial datum, ^ have proved the local well-posedness of Cauchy problem in Sobolev 
space (see also ED). In this work, we study the Gevrey smoothing effects of the local solution obtained 
in [D- We prove that the Sobolev’s class solution belongs to some Gevrey class with respect to tangential 
variables at any positive time. 


1. Introduction 

In this work, we study the regularity of solutions to the Prandtl equation which is the foundation of the 
boundary layer theory introduced by Prandtl in 1904, [24) . The inviscid limit of an incompressible viscous 
flow with the non-slip boundary condition is still a challenging problem of mathematical analysis due to the 
appearance of a boundary layer, where the tangential velocity adjusts rapidly from nonzero away from the 
boundary to zero on the boundary. Prandtl equation describes the behavior of the flow near the boundary 
in the small viscosity limit, and it reads 

{ Ut + uux + vUy +Px = Uyy, t > 0, 0: G M, y > 0 , 

Ux+Vy = 0, 

u|y=o = tL=o = 0, lim u=U{t,x), 

y-y+oo 

u\t=o = uo{x,y ), 

where u(t,x,y) and v{t,x,y) represent the tangential and normal velocities of the boundary layer, with y 
being the scaled normal variable to the boundary, while U(t, x) and p(t, x) are the values on the boundary 
of the tangential velocity and pressure of the outflow satisfying the Bernoulli law 

dtU + UdxU + dxQ = 0 . 

Because of the degeneracy in tangential variable, the well-posedness theories and the justification of the 
Prandtl’s boundary layer theory remain as the challenging problems in the mathematical theory of fluid 
mechanics. Up to now, there are only a few rigorous mathematical results (see [H [131 [3 13 l22] and 
referencesin). Under a monotonic assumption on the tangential velocity of the outflow, Oleinik was the first 
to obtain the local existence of classical solutions for the initial-boundary value problems, and this result 
together with some of her works with collaborators were well presented in the monograph m- In addition 
to Oleinik’s monotonicity assumption on the velocity field, by imposing a so called favorable condition on 
the pressure, Xin-Zhang obtained the existence of global weak solutions to the Prandtl equation. All 
these well-posedness results were based on the Crocco transformation to overcome the main difficulty caused 
by degeneracy and mixed type of the equation. Very recently the well-posedness in the Sobolev space was 
explored by virtue of energy method instead of the Crocco transformation; see Alexandre et. all [T] and 
Masmoudi-Wong m- There is very few work concerned with the Prandtl equation without the monotonicity 
assumption; we refer i3iniEiiiinii3iniii for the works in the analytic frame, and [3 [3 for the recent works 
concerned with the existence in Gevrey class. Recall Gevrey class, denoted by G®, s > I, is an intermediate 
space between analytic functions and C°° space. Given a domain fl, the (global) Gevrey space G®(U) is 
consist of such functions that / € G°°(n) and that 

||a“/L.,„, < t'-i+Ho!)' 

for some constant L independent of a. The significant difference between Gevery (s > 1) and analytic (5 = 1) 
classes is that there exist nontrivial Gevrey functions admitting compact support. 


2000 Mathematics Subject Classification. 35M13, 35Q35, 76D10, 76D03, 76N20. 

Key words and phrases. Prandtl’s equation, Gevrey class, subelliptic estimate, monotonic condition. 


1 



GEVREY CLASS SMOOTHING EFFECT FOR PRANDTL EQUATION 


2 


We mention that due to the degeneracy in x, it is natural to expect Gevrey regularity rather than 
analyticity for a subelliptic equation. We refer lanEiis] for the link between subellipticity and Gevrey 
reguality. In this paper we first study the intrinsic subelliptic structure due to the monotonicity condition, 
and then deduce, basing on the subelliptic estimate, the Gevrey smoothing effect; that is, given a monotonic 
initial data belonging to some Sobolev space, the solution will lie in some Gevrey class at positive time, just 
as like heat equation. It is different from the Gevrey propagation property obtained in the aforementioned 
works, where the initial data is supposed to be of some Gevrey class, for instance in [T^], and the 
well-posedness is obtained in the same Gevrey space. 

Now we state our main result. Without loss of generality, we only consider here the case of an uniform 
outflow [7 = 1, and the conclusion will still hold for Gevrey class outflow U. We mention that the Gevrey 
regularity for outflow U is well developed (see [18] for instance). For the uniform outflow, we get the constant 
pressure p due to the Bernoulli law. Then the Prandtl equation can be rewritten as 

Ut + UUoc + VUy - Uyy = 0, (t, X, Ij) SjO, T [ X , 

Ux+Vy = 0, 

mL=o = v\y=o = 0, lim u = 1, 

y-s-Too 

u\t=o = uo{x,y ), 

The main result concerned with the Gevrey class regularity can be stated as follows. 

Theorem 1.1. Let u{t,x,y) be a classical local in time solution to Prandtl equation on [0,T] with the 

properties subsequently listed below: 

There exist two constants G* > 1,(t > 1/2 such that for any (t,x,y) G [0,r] x 

{yy < dyu{t,x,y) < G* (y)“‘", 

\dlu{t,x,y)\ + \d^u{t,x,y)\ < G, {y )~'"~^, 

where (y) = (1 + 

There exists c > 0, Gq > 0 and integer Nq > 7 such that 

||e + II® H"o(R^)) — ^0 • 

Then for any 0 < Ti < T, there exists a constant L, such that for any 0 < t < Ti, 

(1.4) V m > 1 + fVo, (m!)"^'+") , 

where 0 < c < c. The constants L depends only on Gq, Ji,G*,c, c and a. Therefore, the solution u belongs 
to the Gevery class of index 3(1 + a) with respect to x gM. for any 0 < t < Ti. 

Remark 1.2. 

1) . Such a solution in the above theorem exists, for instance, suppose that the initial data uq can be written 
as 

uo{x,y) = uoiy) + uo{x,y), 

where Uq is a function of y but independent of x such that C~^ < dyUQ{y) < C {y)~'^ for some constant 

G > 1, and uq is a small perturbation such that its weighted Sobolev norm ||e^“*^'So||^ 2 N|j+ 7 (R 2 ^ is suitably 

small. Then using the arguments in [1], we can obtain the desired solution with the properties listed in 
Theorem 11.11 fulfilled. Precisely, the solution u{t,x,y) is a perturbation of a shear flow u^{t,y) such that 
property (i) in the above theorem holds for u, and moreover (it — it®) G L°° ([0,T]; . 

2) . The well-posedness problem of Prandtl’s equation depends crucially on the choice of the underlying 
function spaces, especially on the regularity in the tangential variable x. If the initial datum is analytic in 
X, then the local in time solution exists(c.f. PHI US] [50]) , but the Cauchy problem is ill-posedness in Sobolev 
space for linear and non linear Prandtl equation (cf. see |101 lllj l. Indeed, the main mathematical difficulty 
is the lack of control on the x derivatives. For example, v in dm may be written as — Ux(jj')dy' by the 
divergence condition, and here we lose one derivatives in x-regularity. The degeneracy can’t be balanced 
directly by any horizontal diffusion term, so that the standard energy estimates do not apply to establish 
the existence of local solution. But the results in our main Theorem o shows that the loss of derivative in 
tangential variable x can be partially compensated via the monotonic condition. 


( 1 . 2 ) 

(li) 

(1.3) 



GEVREY CLASS SMOOTHING EFFECT FOR PRANDTL EQUATION 


3 


3) . Under the hypothesis (I1.2I1 . the equation (11.11) is a non linear hypoelliptical equation of Hormander type 
with a gain of regularity of order i in a; variable (see Proposition 12.41) . so that any solution is locally 
C°°, see [571 UHl Hn] ; for the corresponding linear operator, [5] obtained the regularity in the local Gevrey 
space . However, in this paper we study the equation dm as a boundary layer equation, so that the local 
property of solution is not of interest to the physics application, and our goal is then to study the global 
estimates in Gevrey class. In view of dm we see Uy decays polynomially at infinite, so we only have a 
weighted subelliptic estimate (see Proposition 12.41) . This explains why the Gevrey index, which is 3(1 + cr), 
depends also on the decay index a in (11.21) . 

4) . Finally, the estimate (11.41) gives an explicit Gevrey norm of solutions for the Gauchy problem with respect 
to f > 0 when the initial datum is only in some finite order Sobolev space. Since the Gevrey class is an 
intermediate space between analytic space and Sobolev space, the qualitative study of solutions in Gevery 
class can help us to understand the Prandtl boundary layer theory which has been justified in analytic frame. 

The paper is organized as follows. In Section|2]we prove Theorem ll.il and state some preliminaries lemmas 
used in the proof. The other sections are occupied by the proof of the preliminaries lemmas. Precisely, we 
prove in Section [3] a subelliptic estimate for the linearized Prandtl operator. Section S] and Section |S] are 
devoted to presenting a crucial estimate for an auxilliary function and non linear terms. The last section is 
an appendix, where the equation fulfilled by the auxilliary function is deduced. 


2. Proof for the main Theorem 

We will prove in this section the Gevery estimate (11.41) by induction on m. As in [21] . we consider the 
following auxilliary function 

(2.1) = u;dy{^), m > 1, 

uj \ LU y 

where to = dyU > 0 and u is a solution of equation m which satisfy the hypotheis m- We also introduce 
the following inductive weight , 

(2.2) wi = e^^y + ' (l + cy)-'AT 0 < £ < 3, m e N, y > 0, 

\ (3m + i)a ) 

where A'^ = A^ is the Fourier multiplier of symbol (^)‘^ with respect to a; S M. Notting 

(2.3) VF° >e'=^(l + C2/)-'>coe“^ 


for 0 < c < c. 
Since 


<Cl{v)-', 

UJ 


we have that , if u is smooth, 

On the other hand, we have the following Poincare type inequality. 

Lemma 2.1. There exist Ci,Ci > 0 independents of m > 1,0 < ^ < 3, such that 


(2.4) II { y )-^ + II { y )-^ < Gi|| 

As a result, 

(2-5) 

and 


We will prove the above lemma in the section 0] as Lemma 14.21 


W^fn 


Il=(r= 


Since the initial datum of the equation dm) is only in Sobolev space , we have to introduce the 

following cut-off function, with respect toO<t<T <1, to study the Gevrey smoothing effect by using the 
hyopelliticity, 

(2.6) = ^3(™-(iVo + l))+f = - i))3(m-(Aro + l))+I!^ 


m > A^o + 1, 0 < £ < 3. 
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We will prove by induction an energy estimate for the function For this purpose we need the 

following lemma concerned with the link between W^_|_i/m+i and whose proof is postponed 

to the section m as Lemma H751 and Lemma HU] 


Lemma 2.2. There exists a constant C 2 , depending only on the numbers cr, c and the constant C* in 
Theorem \l.l[ in particular, independents on m , such that for any m > Nq + 1, 

ll'/’m+l^m+l/m+l ||ioo([Q T]. L2 (r2 ||9^A 3 *^m+l ^m+1/m+l 11 ^2 ([g^T] xR^ ) 


and 


and 


i=i 

2 




i=i 


Il2([0,T]xR3 )’ 


— ^2||<?!>mbF^/m||^cx=([o,T]; L3 (r2 )) + 


C2^ w3 


i=i 


^ ^m^m/m||^2([o,T]xR3 ) 


+ C'2||9yA 4'rn^rnfrn\\^2(^[QT]xK?.y 




Now we prove Theorem [O] by induction on the estimate of The procedure of induction is as 

follows. 

Initial hypothesis of the induction. From the hypothesis and m of Theorem ll.il we have firstly, 
in view of (EH), 

3 

(2.7) 0 < TO < N’o + 1 , ||e ^/m||ioa('[o_T]; + X] II® ^^y-^™IL 2 ([o,T]xR^) ^ ^ 0 - 

i=l 

Hypothesis of the induction. Suppose that there exists A > Cg + 1 such that, for some to > A’g + 1 and 
for any A^g + 1 < fc < to, we have 

(2.8) a^A-G A"([0, T] X K^), 

2 

(2.9) lhrD) + E l|5^A-^<^°W°/fe||L3([o,T]xRi) < ((^ - 5)!)'('+"^. 

j=i 

Claim Im+i- we claim that (12.811 and (12.91) are also true for to +1. As a result, (12.81) and (12.911 hold for all 
k > Nq + 1 by induction. 

Completeness of the proof for Theorem 11.11 . 

Before proving the above Claim Im+i, we remark that Theorem ll.il is just its immediate consequence. 
Indeed, induction processus imply that for any to > 1 + Ng, we have for any 0 < t < T, 

||C</rn(t)|L.(*^) < ((to - 5)!)^('+") < A- (to!)^('+") , 

then with (1^ . E3), E31) and EH), we get 

V 0 < f < Ti < T < 1, 11 11 , 

yields, for any to > Ajg + 1, 

V0<t<ri<r<l, t3(m-JVo-i)||geygmy||^^^^^^ < (T-ri)-3('"-^«-i) A'"(to!)^^^+'"^ 

< (T - 

As a result. Theorem II.II follows if we take L = (T — Ti)~^A. □ 
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Now we begin to prove Claim /m+i, and to do so it is sufficient to prove that the following: 

Claim Em,£, 0 < £ < 3: The following property hold for 0 < ^ < 3, 

dlA-^cl,lwifm€LH[0,T]xRl), 

(2.10) LHMD) + E ■=! 

< ^”^-5+1 _ 5)!)3(1+'^) 

In fact, Claim Em ,3 yields dyK ~^£ T^([0,T'] x K^) and 

2 

i=i 

< ((^ _ 5)!)3(1+'^) _ 4^3(1+^) 

which, along with Lemma yields dyK~^4>^j^^Wm+ifm+i £ T^([0,T] x M^) and 

2 

ll^^m+l^rri+l/m+l|lLo=([0,T]; L2 (r^)) 

i=i 

recalling C 2 is a constant depending only on the numbers a, c and the constants Co, C* in Theorem ll.il As 
a result, if we choose A in such a way that 

Ai/2 > C 2 , 

then we see (12.911 is also valid for fc = m + 1. Thus the desired Claim Im+i follows. 


Proof of the Claim Em,£ ■ 

The rest of this section is devoted to proving Claim Em,£ holds for all 0 < f < 3, supposing the inductive 
hypothesis (12.81) and 12.81) hold. 

We will prove Claim Em,£ by iteration on 0 < £ < 3. Obviously Claim Em,o holds, due to the hypothesis 
of induction (12.81) and (12.911 with k = m. Now supposing Claim Em,i holds for all 0 < i < £ — 1, i.e., for all 
0 < i < £ — 1 we have 

d^yA-^cl>l^WUraeL^i[0,T]xRl), 

_o 2(7 — 1') 

( 2 . 11 ) UlnWUmh^^[o,T]- L^MD) + T^U ~ ^InW^mW LH[0,T]xMl) 

< ((m - 5)!)^^^+'^^ (m - 4)^1+'^), 


we will prove in the remaining part Claim Em,£ also holds. To do so, we first introduce the mollifier 
= A^^ which is the Fourier multiplier with the symbol , 0 < ^ < 1, and then consider the 

function F = Aj'^(j)^Wmfm- Under the inductive assumption (12.111) . we see F is a classical solution to the 
following problem ( See the detail computation in Section [5] and the equation (16.11) fulfilled by /„ ): 


( 2 . 12 ) 


where 


{dt + mi 9 x + vdy -dl)F = Zm,e,s, 

= 0 , 


dyF 


y=0 


P\t=o = ^’ 


(2.13) Zm,l,5 = Afc^lWiZm + Af {dt^D WUm + + vBy - dl, A,-2</,^Wl] fm, 

with Zjn given in the appendix (seeing Section [5]), that is. 


m / \ m—1 / \ 

= “E - E 

j=i V-' / / 


m — 1 


dyUJ 




E ,• ){div){d:^-^n)-2 


UJ 
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The initial value and boundary value in (j2.12|) is take in the sense of trace in Sobolev space, due to the 
induction hypothesis (12.9|) and the facts that = 0 (seeing (16.51) in the appendix) and 

— {3m-\-i)(T/2 


dy 1 + 


2 cy 


(3to + i)a 


(1 + cy) 


-1 


= 0 . 


y=o 


We will prove an energy estimate for the equation (12.121) . For this purpose, let t € [0,T'], and take 
L2([o,t] X M^) inner product with F on both sides of the first equation in (12.121) : this gives 

Re {{dt + udx + vdy — dy) F, ^)2,2([o_t]xR^) “ ^)L2([o_t]xR^) ■ 

Moreover observing the initial-boundary conditions in (j2.12l) and the facts that u|y=o = v\y=o = 0 and 
dxU + dyV = 0 , we integrate by parts to obtain, 

Re {{dt + udx + vdy - d^) F, -F)^ 2 ([o_t]xR^) = Iw^WWI^rD + \\9 yF{t)\\l,^^2^^dt. 


Thus we infer 




{Zm,e,S, ^)l2('[o_t]xR^) 


and thus 


(2.14) 


II'^IIl“([0.T]; L=(R^)) II^J''^IL2([0.T]xR^) ^ ^IL2([0.T]xR^' 

^)L2('[Q_-r]xR^) + ll^yA ! -P"lli2([o^T]xR^) 


- ^ '^'"■^’^IIl2([0,T]xR^) 11'^ ^ '^IL2([o,T]xRd) ^ '^IL2([0 .T]xR^) ■ 

In order to treat the first term on the right hand side, we need the following proposition, whose proof is 
postponed to Section [SJ 

Proposition 2.3. Under the induction hypothesis |il.7| ) - (12.91) and ()2.11|) . there exists a constant C 3 , such 
that, using the notation F = and / = with </> defined in IKB, 


|(('^'^^-2m,^,5||^2([o_r]xR^) 


(2.15) 
and 

(2.16) 

and 


< mC^U-'^^'^F 


^ '^IL 2 (|[ 0 ,t]xR^) ^3||^y^||^2([0_T]xR^) ^3^4 ((to 5)!) 


\3(l-h<T) 




L 2 ([ 0 ,T]xR^) 


< mC3||A-R3<^-R2A-2</,^^-iwirVm|L2([0.T]xR^) 


+C3||a,A-R3A-2/^-iWirV,n|L2([0.T]xRi) + ((m - 5)!)^(^+'^), 


(2.17) < C 3 II (2/)-" AR3/L2([0,T]xRd) + C49y^~^^"f\\L^([0,T]xRl) 

-^(^3^m-6((^_5)!)3(l+a)_ 

The constant C 3 depends only on a, c, and the constant C*, but is independent of m and 6 . 
Now combining (12.151) in the above proposition and (I2.14p . we have 


II^IIl“([0 .T]; L2(R^)) 


< 2 mC 3 U~^^^F 


E ll 2(7 — 1) 


i=i 


2(j-l) .^||2 

L2([o,T]xR^) 


^ ^ ‘^llL2([0,T]xRd) ^ '^IL^^jo^yjxR^) + 2 ll'^y-^||L2([o,T]xRd) 

(a”‘-» ((m - 5)!)“‘'+"l) A 
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which yields, denoting by C 4 = ACs + lOCf + 2 , 

2 


Ill’ll 


L“([0,T]; L^RD) 


E 


J=1 


2(3-1) ||2 

^ IIl2([o,T]xR^) 


< mC4||r'/"^^HL([0,T]xR;t) + 2 Urn - + 2||a2A-2/3F|| 


L2([o.T]xR^)’ 


or equivalently, 


\\F\\ 




3 F 


L“([O.T]; L2(r2^)) ^ IIL^iO.T] xR^) 

J = 1 


- 5Vi3(l+‘^) 


(2.18) < C 4 ((m - 5)!) 

It remains to treat the right terms on the right hand side. To do so we need to study the subellipticity of 
the linearized Prandtl equation : 

(2.19) Vf = dtf+ ud^f+ vdyf - d^f = h, (t,a;,y) e]0,r[xR^, 

where u, v is solution of Prandtl’s equation (HU satisfying the condition (HU and (HU. Then we have 

Proposition 2.4. Let h,g G L^([0,T] x R.^ given such that dyh,dyg € L^([0,T] x R^- Suppose that 
f € ([0,T]; i?^(RU) with dyf S ([0,r] x R^; *■5 ® classical solution to the equation (I2.19|) with the 

following initial and boundary conditions : 


( 2 . 20 ) 

and 


f{0,x,y) = f{T,x,y) = 0, ix,y) € 




(2.21) dyf{t,x,0) = 0, dtfit,x,0) = {d^f) it,x,0) + g{t,x,0), (t,a:) e]0,T[xR. 

Then for any £ > 0 there exists a constant Cg, depending only on e,a and the constants C* , such that 


(2,22) < +C. (llA-'/a*! 


Il2([0,T]xR^) 

\9vf\ 


L2([0,T]xR^) ^ W V’’ IIl2([0,T]xR^) ^ Ik IIl2([0,T]xR^); 


+ II/I 


+C, (II {y)-^ dyA^/^f\ 


L2([0,T]xR2 ) 


{yrA-F%g\ 


L2([o,T]xR2 ) 




Moreover 


II q3 A-2/3 ^11 

ll'^y^'- ■'IIl2([o,t]xR^) 

< c(||(2/)-"/2a3/3/" 


L2([o.r]xR2 ) 


+ ||A-2/3a ^ 


y"'llL2(R2) 


\dyf 


yj IIl2([o,t]xr2 ) 


+ II/I 


L2([o,T]xR2 ) 


)■ 


where C is a constant depending only on and in Theorem M.l 


We will prove this proposition in next section [3] This subellipitic estimate gives a gain of regularity of 
order i with respect to x variable, so it is sufficient to repeat the same procedure for 3 times to get 1 order 
of regularity. 

Continuation of the proof of the Claim Em,i ■ 

We now use the above subellipticity for the function f = f, with / dehned in Proposition 12.31 i.e., 

/ = = A,-2<(.3(—wy Vm- 

Similar to (12.1211 . we see / is a classical solution to the following problem: 

{dt + uda: + vdy -dy) f = Aj'^(j)^^^W^^fm, 


dyf 


yj ly=0 


= 0 , 


f\t=o = f 


t^T 


= 0 , 
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where Zm,e-i,s is defined in (12.131) . The initial value and boundary value in (j2.12ll is take in the sense of 
trace in Sobolev space. The validity of Claim Em,e—i due to the inductive assumption (12.111) yields that 
dyf £ ([0,T] X . Next we calculate {dtf — I^i'^stly we have, seeing (16.61) in the appendix, 


{dtfm - dlfm) \y=0 = “2 


a ' 


frr 


V=0 


Then 




y=0 

™ly=0 


b(—)1 

fm 

L \ ^ J\ 



y=0 




ly=0 


— 2A|^^03("J-^o-1)+^-5jY(^-1)/3 


a / 

Ui 


UJ 


y^o 


This, along with the fact that 

- f)2f\ _( _ ^ _, o 2\ a- 2 ,3(m-Aro-l)+«-i a(^-1)/3^ I 

- ^vny=^ + ^ /-ly=0 


y=0 


due to the fact that dyA^ ^/m|y=o = 0 (seeing (16.51) in the appendix), gives 


{dtf-dlf) 

2c^ „ . . 


A7' 


ly=0 


_ (3m + ^ — 1)(T J ° 

— 2A^^03("*-^o-1)+^-|j\(^-1)/3 


{m — NQ — l)-\-t 

2 A 

h(^)] 

/m 


ly=0 


V=0 


del 


ly=0 


with 


(2.23) 


9 = 


AJ^ (^aj<^3(m-JVo-l)+I!- 


^)a(^-1)/3/^ 

(3m + i — l)a ) 


2c2 


-2A^2^3(m-Afo-l)+^-|^(^-l)/3 


dyUl 


/m- 


Then using Proposition 12.41 for h = (j)^^'^Zm,i-i,s + {dt4>^^^) Ag ^ fm and the above g, we have 

II 

L2([0,T]xR^) + l|a;A-‘/y|| L2([0,T]xR^) 

< =l|A-^'>a,A|| L2(R2)+^e (||A ^ ^IIl2([0,T]xRP II^S^'^IIl2([o,T]xR; 5.) ll■^llL2([o,T]xR^)) 

+Ce (|| {y)~^ dyA^'''f\\L2i^[o,T]xw.\) + II (y)"A-i/^ay5|| L2([0,T]xR^)) ■ 
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We claim, for any e > 0, 


e||A ! + Ce 


(ll^ ^ ^IL2([0 ,T]xR^) II^!/'^IL2([0,T]xR^) ll'^llL^CfO.TlxR^) 


) 


(2/)"A-i/39^5| 


+ C'e (|| (?/) "" ^y^^^*^-^IL2([0,T]xR^) + 

(2.24) < £(75^11(2/) ^ ^ ^ /|L2([o,t]xr^) ll^y^ ^ ■^llL2([o,T]xRp 

("ll PII -I- II(^ FII 

"■ \^ll IIl2([o,t]xr^) ^ IIl2([o,t]xi 


L2([0,T]xR^) 


) 


) 


where Cs is a constant depending only on cr, c, and the constant (7,, but independent of m and i5, and 
is a constant depending only on e,e, tr, c, and the constant C*, but independent of m and 5. Recall 
F = Aj'^cjj^W^fm- The proof of (12.241) is postponed to the end of this section. Now combining the above 
inequalities and letting e be small enough, we infer for any £ > 0, 


(j^)-/2a1/3/| 


L2([0,T]xR2 ) 




(2.25) 


< 


£T7?“(3+o')/2 /|| pII -I- llfl FII 

\ll IIl2([o,t]xr^) W V IIl2([o,t]x 


L2([0,T]xR^) 

) 


V ((to - 5)!)'* 


Now we come back to estimate the terms on the right side of (12.1811 . To do so we need the following 
technic Lemma, whose proof is presented at the end of Section 0] 

Lemma 2.5. Recall F = and f = fm- There exists a constant Cq, de¬ 

pending only on cr, c, and the constant C*, but independent of m and S, such that 


U ^^^T’llL2([0,T]xRd) + ll^yA ^'^^T’||^2 ([o,t]xR^) 

< C'6(m‘^/'||(y)-^Ai/3/| 

TC'e Vm||L2([o,T]xR^) + || ^2([o,T] xR^)) ’ 


lL2([0,T]xRp \rv J IIl2([0,T]xR^) 


) 


and 


(2.26) 


I 03 A — 1 P 11 


<C4d^yA-^/^f\\ 


y 

Ce 


L2([0,T]xR2 ) 


■C'6||93A-2/3/|| 


L2([0,T]xR2 ) 


/m ||l 2([0,T] xR^) + /"i 11 ^2 qg.T] xR^) ) ’ 


End of the proof of the Claim Fm,£ ■ 

We combine (12.2511 and the first estimate in Lemma 1^7^ to conclude 


\\4> ^^^T'||j;,2([o_'r]xR2 ) + \\dyA 


L2([o,T]xR2 ) 


Id fII 

\^y^ IIl2([o,t]xr^) 


) 


< eCem ! (||^|Il2([o,t]xr^) 

+C'6C'£mH'"A'"-’5+^ ((m - 5)!)'’ 

+ Ce [\\4m Vm||L2([o,T]xRd) + ^/”i 11 L2([0,T] xR^)) 

< eCem ! (ll-^ILaqo.TlxR^) II^!/'^IL2([0 .T]xR^)) 

+ (CgCe- + Ce) ((m - 5)!)^^^+'"^ (m - 
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the last inequality using (12.111) . This along with (12.181) yields 

2 

2(j-l) 


|F| 


L“([0,T]; 


E ll — -I-) I 


< 


eC^Ce (| 


i=i 


L2([0,T]xR^) 


F 


Il2([0,T]xR^) II^!/'^IIl=([0,T]xR^) 

+Ci {CeCi + Ce) ((m - 5)!)^^^+'"^ (m - + 2 A”^-^ {{m - 5)!)^^^+'^^. 

Consequently, letting e > 0 he small sufficiently, 

2 

20 - 1 ) 


IF 


L°°([0,T]; L2(R2 


+ 

£-1 




i=i 


L2([o.T]xR^) 


< C7mi+M™-^+V ((to - 5 )!)^^^+'"^ (m - + C7A™-® ((m - 5)!)^A+<-) 

< Csim - 4)1+<^A”^-5+^ ((to - 5)!)^^^+'"^ (m - + CrA"^-^ ((m - 5)!)^^^+'"^, 

where Cr,Cs are two constants depending only on a, c, and the constants CojC* in Theorem 11.11 but is 
independent of m and <5. Now we choose A such that 

A > (2C78 + 2C77 + 1)®. 

It then follows that, observing -^ > 1, 

ITIIi.(| 0,T|. L.(.l)) +i:i|3’,A-“^fL.([„,T,..i) < ■I"’-”' ((m-5)!)-(m-4)«‘+'). 

1 = 1 

Observe the above constant A is independent of <5, and thus letting <5 —>• 0, we see (12.111) holds for i = i. It 
remains to prove that dyk~^(jiinWmfm- The above estimate together with (I2.25|) gives 




L2([0,T]xR= ) 


+ IIS^A-i/OI 


L2([0,T]xR2 ) 


^ CrnA 


with Cm,I a constant depending on m but independent of 5, and thus, using the last estimate in Proposition 

nnand hem . 


Il2([o,T]xR^) — ^"*.2, 

with Cm ,2 a constant depending on m but independent of 5. As a result, combining (12.261) . we conclude 

< Cm ,3 




L2([0,T]xR^) 

with Cm ,3 a constant depending on m but independent of 5. Thus letting 5 —>■ 0, we see dyA~^(j)^Wmfm G 
L^([0,T] X M^). Thus Claim Em,£ holds. This completes the proof of Claim Im+i, and thus the proof of 
Theorem o 

We end up this section by the following 

Proof of the estimate (j2.24|) . In the proof we use C to denote different constants depending only on a, 
c, and the constants Cq , C* in Theorem 11.11 but is independent of m and 8. 

(a) We first estimate || y recalling 

h = Zm,e- 1,5 + Vm- 

Using interpolation inequality gives, observing 
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the last inequality following from (I2.2|) which shows > 1, is a decreasing sequence of functions as i 

varies in N, and the fact that 

Moreover, using (12.511 and the inductive assumptions (12.1111 and (I2.9|l . we compute, observing .^/2 + 1 < 
3(1 +a), 

< ((m - 5)!)^^^+'"^ (m - {{m - 6)!)^^^+'"^ 

< Cm-i/2A™-5+^ ((to - 5)!)^^^+'"^ (to - ^ 

Thus we have, combining the above inequalities, 

(2.27) < C'to"^/M""-'5+^ ((to- 5)!)^^^+'"^ (TO-4)(^-iAi+fo, 

Similarly, we can show that 

||(?yA Ag 4'ii^'^L ^fm\\j^2(^[Q T]xRl) 

(2.28) < C'to“1/2^'""'^+^ ((to- 5)!)^^^+‘"^ (TO-4)(^-iAi+fo, 

Using (12.1611 in Proposition 12.31 we have 

||A ^ '2^m.^-lA||L2([o_T]xR^) 

+U3A'"-6((to-5)!)% 

and moreover repeating the arguments as in (I2.27P and (j2.28p . with there replaced by 

< ((to - 5)!)^^^+'"^ (to - ^ 

and thus 

||A-‘/=0'/2z„,,311,3,((m - SjO'X'+'l (,n - 4)«-«<>+'). 

This along with (12.2711 yields 

ll''-■'’'■IL.(|„,T|x.i) S ((m - 5)!)“‘'+"l (,„ - 4)<'-'A'+"l. 

(b) In this step we treat || follows from (12.2811 that 

||A (j)t4> '^ ) A^ 4>m '^m /™IIl2([0,T]xR^) 

< ((to - 5)!)^^^+'"^ (to - 4)(^-i)(i+fo. 

On the other hand, by (I2.17|l we have, recalling f = f = (j)^^‘^Ag'^(j)l^^W^^fm, 

II A 3 dyCjA^'^ Zra,i-l,s\\^2(^[QT]xK.\) 

< 0311 (y) ''A^/3/||i2([0,T]xR^) +C'3||9yA-2/V|L2([0,T]xR=.) 

+toC 3 (||A-^/^</>i-^<-V™|L2([0.T]xR^J + l|A-^/^r^/^5,</>l-l<-V,n|L2([0,T]xRi)) 
+C3 A’"-®((to-5)!)" 
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and moreover similar to (I2.27|l and (I2.28L we have 

< ((m - 5)!)^^^+'"^ (m - 

since > 1. Combining the above three inequalities gives 

l|A"^^^^y^|lL2([0.T]xR^) - C'(lKy) ^^^^■f\\Lmo,T]xRl) + 

((m - 5)!)^^^+'"^ (m - . 

(c) It follows from the inductive assumption (12.1111 that, observing < 1, 

1 

^ f'^\\L^(^[0,T]xR\) •/'"» II L2([o,T] xR^) 

< ^"*-5+^ _ 5)!)3(1+'^) ^ 

IIl2([o t]xR^ )’ 9 i® defined in (I2.23I1 . It is quite similar as in step (a). 


j=o 


Now we estimate || {yY A 
For instance, 




Il2([0,T]xI[ 


< C||A-i/3^-i/^A,-^(/.i-i<-V™|L.([0.T]xR^) + ^ll^yA-i/3^-i/^A,-^<^l-i<-V™|L.([0.T]xR^)- 

Then similar to (12.271) and (I2.28p . we conclude 

II {„YA-''’B,Af (a,a 3 i-“-»--'>+<A) A<'-»/ 3 /,„||^,,j^^^,j, 

< ((m - 5)!)^^^+""^ (m - 

The other terms in (I2.23|l can be estimated similarly, and a classical commutator estimate (see Lemma IXT] 
in the following section) will be used for treatment of the third term in (|2.23|1 . Thus we conclude 


{yYA-^/%9\ 


L2([o,T]xR= ) 


< C7A™-3+V ((to - 5)!)^^^+'"^ (to - 


(d) It remains to estimate 11 (y) dyA^^^fl 


L2([0,T]xR2 ) 


and we have 




L2([0,T]xM= ) 




L2([0,T]xRd) 
L2([0.T]xR^) 


" 5yAl/3A72<^3(m-IVo-l)+^p5/^-l 

/ J 

< II (y) /^A^ (t>mWm /™IIl2([0,T]xR^) ll^!/^<5 ^rn 11L2 ([0,T] xR^) 

— ^ (||^y^5 ^m^mfm\\L^(^[0,T]xR‘^) W^S ^m^mfm\\L^(^[0,T]xRl_))\\^y^^ 11([0,T] xR^,) ’ 

the last inequality following from the third estimate in Lemma [2.2l This, along with the inductive assumption 
(|2.11[) implies, for any £ > 0, 


< 


||(y)-"/"a,Ai/3/| 

£TO~^^^'^^/^ (||-^| 


L2([0,T]xR^) 


L2([0,T]xR^) ll'^y‘^llL2([0,T]xm^ 


((to - 5)!)'* 


recalling F = kY^lnWLfm- 

Now combining the estimates in the above steps (a)-(d), we obtain the desired (I2.24|) . 


□ 
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3. SUBELLIPTIC ESTIMATE 


In this section we prove the Proposition 12.41 We need the following commutators estimates. Throughout 
the paper we use [Qi, ( 52 ] to denote the commutator between two operators Qi and Q 2 , which is defined 
by 


We have 
(3.1) 


[Qi, <32] — Q1Q2 — Q2Q1 — — [Q2, Qi] ■ 


[Qi, < 32 ( 33 ] — Q 2 [Qi, Qs] + [Qi, < 32 ](33- 


Lemma 3.1. Denote by [a] the largest integer less than or equal to a > Q. For any r G M and a € 

Cj the space of functions such that all their derivatives up to the order of [|t|] + 1 are continuous 
and bounded, there exists C > 0 such that for suitable function f and any 0 < <5 < 1, 


]/IIl2(r 2 ) < C'llA'^ /IIl2(r2) 


and 


||[a9a;, A'^A^ < C'llA'^A^ 

The constant C depends on only on r and ||a||(^[|Tiu-i^g 2 ^ • 

Since A'^A^^ is only a Fourier multiplier of x variable, so we can prove the above Lemma by direct calculus 
or pseudo-differential computation, cf. [Mill]- In this section, we use above Lemma with a = u or a = v 
and T = —1/3, —2/3. So that with hypothesis (11.311 . the constant in Lemma [All depends only on the constant 
Cq in Theorem o 

Proof of the Proposition \2.4\ Taking the operator A“^/^ on both sides of (12.1911 . we see the function f 
satisfies the following equation in ]0,T[ xR^: 


(3.2) 

and that 

(3.3) 


5 tA- 2 / 3 / + u 5 ,A- 2 / 3 / + vdyK-^/^f - dlK-^/^f 

= -I- [udx + vdy, A“^/^] /, 

= 0, a,A-2/3/|_, = 0 


y=0 


due to (I2.20|l and (12.2111 . since A“^/^ is an operator acing only on x variable. Recall [udx + vdy, A“^/^] 
stands for the commutator between udx -f vdy and A“^/^. 

Step 1). We will show in this step that 


[dyuf^"^ da:K 


L2([0,T]xR2 ) 


(3.4) 


< 2 


Re (dtk-^/^f, dyd,A-^/^f^ 

^ ( 11 ^ ^ ^IL2([o,t]xR^) 


L2([o,T]xR2 ) 


-P IIS^A-i/^fll^ 

^ \ry J IIl2([o,t]xr^) 


\dyf 


yj IIl2([o,t]xr= ) 


+ II/I 


L2([0,T]xR2 ) 


)^ 


To do so, we take L^([0, T] x R^) inner product with the function dyd^A £ L^([0, T] x R^) on the both 


sides of equation (|3.2p . and then consider the real parts; this gives 
-Re {udxA~'^/^f, dydj;A~'^/^f^ _ 


L2([0,T]xR= ) 


= Re 


L2([o,T]xR2 ) 


(9tA-2/3/, 3,3,A-2/3/) 

+ Re (vdyA-^/^f, dyd^A-^/^f) 

-Re [[udx+vdy, A“^/^]/, dyda:A~'^/^f^ 


— Re 


L2([o,T]xR2 ) 


(dlA-^/^f, dyd,A-^/^f) 
(A-2/3h, dyd,A-^/^f) 


— Re 


L2([o,T]xR2 ) 


L2!([o,T]xR2 ) 


L2([0,T]xRp 


(3.5) 
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We will treat the terms on both sides. For the term on left hand side we integrate by parts to obtain, here 
we use It I „ = 0 , 

ly=0 ’ 


-Re (u9,A-2/3/, dyd,K-^/^f) 


L2([o,T]xR2 ) 


L2([0,T]xR2 ) 


(dyd,K-^/^f, ua,A-2/3/) 


L2([0,T]xR5.) 




•'iIl2([o,t]xr^)' 

Next we estimate the terms on the right hand side and have, by Cauchy-Schwarz’s inequality , 

|2 


—Re 


( 92 A- 2 / 3 /, dyd,A-^/^f) 


L2([o,T]xR2 ) 


< i||52A-l/3 ^||2 +i||5 flP 

— 2 \\ y ■' IIl=([o,t]xr^) ^ 2IIl2([o,t]xr^)’ 


Re (a-2/3/i, 5j,9,A-2/3/) 


L2([Q,T]xRd) 


< ||A-i/3/j| 


^ I 11 0 f 11 ^ 

l2([o,t]xr2) + IryJ \\l^{[o,t]xm.I) 


and 


< 


-Re (vdyA dydj;A 

(a,/, [A-2/3, v]dyd,A-^/^f) 


L2([0,T]xR2 ) 


L2([o,T]xI 


{vdyf, A-2/3a^a^A-2/3/) 


L2([o,T]xR2 ) 


< C'||ay/||^2([o,T]xRd)’ 


the last inequality using Lemma iH.II Finally 

-Re (^[udx+vdy, A“^/^]/, dydxA~‘^^^f^ 


< \\A^/^[ud, + vdy, A-^/^]f\\ 


L2([0,T]xR^) 

L2([0,T]xR 2 ) ll^y'^llL2([0,T]xR2 ) 


< 2 


(||[ua, + ua„ ai/3a-2/3]/| 


L2([0,T]xR2 ) 


\[ud^+vdy, A1/3]A-2/3/| 


L2([o,T]xR2 


\dyf 


yj IIl2([o,t]xr2 ) 


< c 


(ll/l 


\dyf\ 


,)■ 


Il2([0,t]xR^) ^ W yJ llL2([0,T]xR^)y 

These inequalities, together with (13.5L yields the desired (13.4F 

Step 2). In this step we will estimate the second term on the right hand side of (13.41) and show that for 
any e > 0, 


|a2A-i/3/| 


L2([0,T]xR5,) 


(3.6) 


< e: II (dyuf^'^d^^A 


a 


{Pyf\ 


L2([0,T]xR^) 

+ii/r 


+ 11 A- 1 / 3/11 


L2([o,T]xR2 ) 




Il2([o,t]xr^) ^ Ik IIl2([o,t]xr5,) 
with Ce a constant depending on e. We see that the function A“3/3j satisfies the equation in ]0,T[ xK^, 

atA-i/3/ + {ud, + vdy) A-i/V - a^A-i/V 
= A~'^^^h+[udx + vdy, A“^/^]/, 

with the boundary condition 


(3.7) 


(3.8) 


A-'/VL=o = = 0, a,A-V3/|_^ ^ o_ 


y=o 


Now we take L^([0, T] x R^) inner product with the function —dyA 3/3y g L^([0, T] x R^) on both sides of 
(E3, and then consider the real parts; this gives 

4 

(3-9) ll^y^ 

P=1 
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where 


Ji = 
J 2 = 
J 3 = 
J 4 = 


Re 

(a^A-i/V, dlk 

Re 

(^{udx + vdy)k~ 

Re 

(a-1/3/1, S^A-i 

Re 

{\udx+vdy, k~ 


'l2([0,T]xR^) 


'l2([0,T]xK^) 


[0,T]xL2([o,T]xR2 ) 


'l2([o,t]xR2 ) 


Integrating by parts and observing the condition (13.8|) . we see 


'l2([0,T]xR2 ) 


which along with the fact 

Re dyk-^/^f) 

due to (lira . implies 


= - (dtdyk-^/^f, dyk-^/^f) 


L2([0,T]xR2 ) 


L2([0,T]xR2 ) 


= 0 


•h — 


Re (9tA-i/3/, dlk-^/^f) 

V " / j 


= 0 . 


' L2([0,T]xH^) 

About J 2 we integrate by parts again and observe the boundary conditition (13.81) . to compute 
Re (ud,k-^/^f, d^k-^/^f) 

\ / j 


L2([0,T]xR2 ) 


= —Re 
1 


(udj;k ^^^dyf, A 
^({d,u)k-^/^dyf, k-^/^dyf) 


L2([0,T]xRp 


— Re 


L2([0,T]xR= ) 


[{dyu)da,k A 

Re {^{dyu)dxk~^/^f, k~^/^dyf^ 


L2([0,T]xR^) 
L2([0.T]xR^) ' 


This gives 


Re 


(ud^k-^/^f, dlk-^/^f) 

\ ^ / 1 


L2([o,T]xM^) 

< ||A / {dyu)dxk ! /|li2^[Q_7’]xR^) ll^y/llL2([o,T]xR^) + C'||9y/||j;^2('[o,T]xR^) 

< (11 (ayu)A-i/3a^A-i/3/|li2([0,T]xR^+) + ll[A■^''^ 5yw]a^A-l/3/llL2([0,T]xR^)) Py/llL=([0.T]xRp 
+ C'||9y/||^2([o,T]xR^) 

< dxk ^^^/|li2([o^T]xR^) ■*“ ll/ll L2([0 ,T]xR^)) ll^y/llL2([0,T]xR^) + ^\\^yf\\L^(^[o,T]xR%) 

e II (dyu) ^ dxk ^^/lli 2 (-[o_T]xR^) (11 ^y'^IL2([0.T]xR^) ll■^IL2([0,T]xRp) • 


< 


Moreover integrating by part, we obtain 


\ 

_ 1 

/ L2([o,t]xR^) 

2 


'l2([0,T]xR= ) 


< ^\\^vf\\L^{[0,T]xRl)- 


Thus 


(3.10) J 2 < £\\[dyu)^ dxk ^^^/lli2('[o^T]xR^) + (|I^!^'^IIl2([0,T]xR^) + IUIL2([o,T]xRp) ■ 
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It remains to estimate J 3 and J 4 . Let e > 0 be an arbitrarily small number. Cauchy-Schwarz’s inequality 
gives 


J 3 = 


Re 


L2([0,T]xR= ) 




L2([0,T]xR2 ) 


+ C-J\A-^/^h\ 


L2(R3 


and for J 4 , Lemma Id . 1 1 implies 


J4 = 


Re (judj; + vdy, A dyA 


L 2 (R 2 ) 


- ^ ^ ■^IL2([o,t]xR^) (|UIIl2(r3 ) + II^!i/|Il2(r3 )) 1 

where is constant depending on e. Now the above two estimates for J 3 and J 4 , along with (|3.9p - (|3.10p . 
gives 

ll^yA-l/V||l2([0.T]xR^) ^ 


I' +llfll' 

Il2([o,t]xr^) ^ Ik IIl3([o,t]xr^) 


) 


+Ce {\\dyf\ 

+Ce ^||A / ^||l2(r;^) + ll•/'llL2(Rp + II'^!/'^IIl2(r3 )) , 


and thus, letting e small sufficiently, 




L2([0,T]xR5.) 


< e II {dyu)^^^da:A 2/3/11 


2 -i- n 

L3([0,T]xR^) 


{Pvf\ 


^ + 11 /"^ 


L2([o,T]xR2 ) 


L2([o,T]xR2 ) 


-F IIA- 3 / 3 / 7 IP "l 

+ lb'' '*IIl2(r3)J- 


This is just the desired estimate (EH). 

Combining the estimates (13.4|) and (13.6L we obtain, choosing e sufficiently small. 


(dyU)^^'^ da:A 2/3/1 


2 -F ll52A-l/3f||^ 

L3([0,T]xRp ^ \rv J llL2([o,T]xRp 


(3.11) 


< C 


Re (9tA-2/3/, dyd,A-^/^f) 


+ c(||A-'/3/i||^,(j„_^]^„^) + ||a,/f 


L 2 ([ 0 ,T]xM^) 
L 2 ([ 0 ,T]xRp 


L2([0,T]xR= ) 


)' 


Step 3) It remains to treat the first term on the right hand side of (13.1111 . In this step we will prove that, 
for any ei > 0 , 


' L2([o,T]xR2 ) 


Re (5tA-2/3/, dyd,A-^/^f) 

r'^ r 2 

(3.12) - ^3 y J 0 ) dxdt + Ce^\\{y)A~^/^dyg 


L2([0,T]xR^) 

+ \\{y)-^/^dyAyyf 


)■ 


+ ^1 C" ^11 (y) ^ •^llL2([0,T]xRp ^ II llL2([0,T]xR^)y 

For this purpose we integrate by parts again and observe the boundary condition (13.311 , to compute 

(aiA-2/3/, a,a,A-2/3/)^ 


' L=([0,T]xM= ) 


- (a-2/3/, dtdyd^A-^/^f) 
(a,A-2/3/, dtdyA-^/^f) 


L2([0,T]xR2 ) 


L2([o,T]xM= ) 


(a.&A-vy, +j /ja,A-^/>/(<,x,o)) (a.A-»/=/(<,x,o))dxdt, 
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which, along with the fact that 

2 Re (atA-2/3/, 


= (aiA-2/3/, 9,a,A-2/3/) 

yields, for any ei > 0 , 

Re (9tA-2/3/, 9,9,A-2/3/) 


L2([0,T]xRp 

+ (^dyd,A-^/^f, atA-2/3/) 


L 2 ([ 0 ,T]xR= ) 


L2([0 ,T]xR2 ) 


L=([0,T]xR= ) 


(3.13) 


’ p 

J ^A^/®i9tA“^/^/(t,a;,0)^ [A~^/^dxA~‘^/^f{t,x,Q)^ dxdt 


< El y J (^dtA X, 0 )^ dxdt + Ei^ J J ^A^'^®/(t, X, 0 )^ dxdt. 

Moreover observing 


A^/®/(t,x, 0 ) = ((y) (i,a;, 0 ). 


it then follows from Sobolev inequality that 

2 


A^/®/(t,x, 0 ) 


< 

< 


c (II (»)-■’/“ + ||a, 

c (II A'/»/||(.|„^, + II a.AW/||(.,.j) 


with C a constant independent of t,x. And thus 

pT 


(3.14) 


f ^A^/®/(t, X, 0 )^ dxdt 
J M 

c(||(y)-"/"Ai/ 6 / 

c(||(y)-"/"Ai/®/ 


L2([0.T]xR^) ^ 11?^ 
2 

L 2 ([ 0 .T]xR^) 


+ \\9y{y) ^ ^ ^*'-/'IIl2([0.T]xR^) 
2 

IIl2([o,t]xr^) 


(y)-"/ 2 Ai/ 6 a,/|| 


) 

)■ 


Using the fact that 

9tA"^/^/(t,x,0) = (dyA~^/'^f^ (t,x, 0 ) + A"^/^ 5 (t,x, 0 ) 
due to assumption ( 12 . 211 ) . we conclude 

J ^9tA“^/^/(t, X, 0 )^ dxdt 

' r 2 r'^ r 

/ (t,x, 0 ) dxdt-\- / / X, 0 ) 

/o -/r ^ ^ Jo Jr 


fO JR 
pT 


dxdt. 


Moreover observe 

A"^/ 2 y(t,x, 0 ) 


which implies 

pT 


P + OO 

/ dyA-^/'^g{t,x,y)dy 
Jo 


< 


f* + 00 


(y) 


1/2 / /• + CX3 2 \ 

(y)^'^ A-^/'^dyg{t,x,y) dy 


lo Ir ^ dxdt < ClI (y)*^ A < CH (y)'^ A ^^^dyg\ 


L2([0.T]xR= )’ 
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and thus 


< 


r 2 

/ / dxdt 

«/ 0 IR 

r'^ r 2 

/ / (dlK-^/^f)[t,x,Q) dxdt + C\\{yr K-^/^dyg\\ 

«/ 0 t/ IR 


L2([o,T]xR= )■ 


This along with (13.1 dll and (jd.ldll yields the desired (Id. 1211 . 

Step 4) Combining (Id.1111 and (Id.1211 . we have, for any £i > 0, 

r'^ r 2 

£i / (^dlA~^^‘^f^{t,x,0) dxdt + Ce^\\{yf A~^^^dyg\\ 

«/ 0 IR 


< 


L2([o,T]xR2 ) 


+T‘C (II A‘/«/|| 


L2([0,T]xR2 ) 




L2([0,T]xR5.) , 


+C d, 


-^yJ IIl2([o,t]xr= ) 


L2([o,T]xR2 ) 


+ l|A-''’A|lh,..,) ^ 


Moreover we use the monotonicity condition and interpolation inequality to get, for any £2 > 0 


||W-"*A'/«/|| 


L2([0,T]xR2 ) 


< £2 


V2A1/3JII 


L2([0,T]xR^) 
2 


+ S. 


-1 


< £ 2 \\{y) "/'9xA "/V||' 2 ([ 0 ,T]xRi) 

< £ 2 \\{dyU) ^ dxA ^^/||i2([o_T]xM2 ) + ^£2 ||/||i2([o_T]xM= )■ 


-(t/2 H|2 

J IIl2([o,T]xR^) 

-(t/2 H|2 

y IIl2([o,t]xr^) 
2 


From the above inequalities, we infer that, choosing £2 small enough, 

I L2([o,T]xR^) 


ll(®.“)-''^a.A-/T||l.„„,,.,,.., + ||ajA-/=/||; 


(3.15) 


<ei 


^ Jj[d^^A-^/^f){t,x,0) 


/o Jr 

+ Cej 


dxdt 


(||(!l>-'’''^3,Ai/=/f„„.^,,,., + ||{!,)"A-'/=a,9||“ 


+ Ce 


yJ IIl2([o,t]xr2 ) 


lL2([0,T]xRi) 


+ l|A-‘'=A||*.,„.,) . 


L2([0,T]xR^)^ 

2 


Step 5) In this step we treat the first term on the right side of (ld.l5L and show that, for any 0 < e < 1, 


dxdt 


(d.i6) 


lo L ^^V)(C 2 ;, 0 ) 


+ C, 


L2([0.T]xR^) II^?^'^IL2 ([o,t]xR^)) ■ 


To do so, we integrate by parts to get 


^^dyA (t, a:, 0) dxdt = 2Re (jdyA dyA 

= 2Re (a3A-2/3/, a^A-i/v) 


L2([o,T]xR^) 

L=([0.T]xR^) 


This yields 


(3.17) 


lo Ir ^^V)(C 2 ;, 0 ) 

£ 


dxdt 


2pv^ '^"/|L2([0,T]xRd)+2e Id^A '/'/|L2([0,T]xRi) 
< e||9j^A / /|L2 ([o_7’]xr^) + ^'^II^2//|L2([o_7’]xr^)’ 
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the last inequality holding because we can use (12.2111 to integrate by parts and then obtain 


< 


(93A-2/3/, dyf) 


L2([0,T]xR^) 


L2([0,T]xR^) 


(3.18)^^^^^ ^^'^•^IL=([0,T]xR=.) L^([0,T]XMI) 

- Il^y^ ^ ■^IIl2([o.t]xR^) II^?^'^IIl2([o,t]xr^)' 

Thus in order to prove (13.1611 it suffices to estimate We study the equation 

dtk-'^/^dyf + Ud,k-'^/^dyf + Vdyk-'^/^dyf - d^k-^/^ 

= k~^/^dyh + [udj; + vdy, k~'^^^]dyf - k~'^ ^ ^ {OyU) Oj; f - k~'^ ^ ^ (dyV) Oy f, 

which implies, by taking inner product with —dyk~‘^^^f, 

-Re (udxk~'^/^dyf + vdyk~^/^dyf, dyk~'^/^f'j 

(3-W) +Re (a-^'=8A, 

+ Re ([„a. + ,8„ A-^«]8,/, 

-Re (A-/y8,„)8U, 

Next we will treat the terms on the right hand side. Observing 

dtk-^/^dyfl^^=0 

due to (I2.21|l . we integrate by part to compute 

-Re (dtk-^^^dyf, , 

= -Re (dtdlk-^/^f, dlk-^/^f] ^ 

\ y y /l2([o.t]xr^) 


= 0 , 


the last equality holding because 

«lA-"''y|,.„ = 8jA-"«/|,^^ = 0 

due to (12.2011 . Since u\y^Q then integrating by parts gives 
-Re („4A-/38,/, 

— Re ((dyu)dxk~‘^/^dyf, d'^,k~'^/^f\ 

V y ’ ^ y-’^ V Vl2([o.t]xr^) 

-Re [ ia , u ) a , k - y > a , i , 8;a-’'’/)^.(|^^|^,,j 

+ ||A ^/^{dyu)dxk ^^^i9y/||j;^2([o_T]xR^) ll^y^ ^ ■^IL2([0,T]xR^)' 
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On the other hand, using Lemma [3.11 gives 

||A ^^{dyU)dxA ^^5y/||^2([0_T]xR^) 

< 2||A + 2||A ^^^[dyU, d^A 

< ^l|5./|ll=([0,T]xMi)- 

Thus 

- Re (ud^A-'^/^dyf, -dlA-^/^f) 

\ ^ Vl2([0.T]xR^) 

s C (l|a./|lh([0,Tlx.U + l|3;''-‘'’/Hh([0,rlx..)) 

< £ ||5„A ^ /|li,2([o,T|xR= ) ■*■ O||t^y/||£,2^[0,T|XR= )’ 

where the last inequality using (13.181) . Using (I3.18P we conclude 

- Re (vdyA-^/^dyf, -d^A-^/^f] ^ 

V ^ y Vl2([o.T]xR^) 

< 5 l|aSA-»/=/||’,p„,^,.J + c,||ajA-'/=/||h, 

- ^ ll^y^ ^ /|Il2([o_72]xR^) + ^e||^y/|L2([0.T]xR^)’ 


Cauchy-Schwarz inequality gives, for any e > 0, 

Re (^A-^/^dyh, -53A-2/3/) 


L2([0,T]xR^) 


and 


and 


(3.20) 


< e||9j^A ^ /||i2([o_T]xR^) ^ 11^ '^!/^IL2 ([o,t]xr^)’ 

- rr (A-/ya,„,a,/, 

< £||9j^A ^ /||i2('[o_T]xR^) ^ II'^!/'^IIl2([o,T]xR^) 

hr (k+«<»., a-/3]3./. 

- 211^1^ ’^^^IL2([o,t1xR 2 ) + 2£ ||[j(ax + Raxi A '^^]ay/||2,2([o,TlxR2 ) 


< 




the second inequality using Lemma l!01 while the last inequality following from (13.1811 . Finally, 

- Re (A-^/^{dyu)d^f, -d^A-^^^f) 

V V y ; X./, y Vl2([o,t]xr^) 

< e||53A-2/3/||'2([0,T]xR^)+^'”l^“'^"(^!^^)^-/irL^([0.T]xR^) 

< e1|53A-2/V||'2([0,T]xRi)+s'”l(^?^“)^-A''^"/f^([0.T]xR^) 

+e-i|| [dyU, A- 2 / 3 ]a./||' 2 ([ 0 , 72 ]^K.^) 


< e 
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This, along with (13.1911 - (I3.20L yields, for any e > 0, 

+ 0 (||A + ||ay/||,^2^|Q ,,|,^„, j + ||/||i2([0J.)yR2 j) ■ 

Thus letting e be small enough, we have 

(3.21) < C'||(9yu)^/^9a;A ^^^/||^2('[o 

+ C (||A“^'^^9y/l||^2('[0,T]xH^) + I|/|Il2([0,T]xR^) + Pyf\\L^{[0,T]xRl)) ' 

This along with (13.171) yields the desired estimate (13.161) . 

Step 6) Now we combine (13.1511 and (13.161) to conclude for any 0 < e, ei < 1, 

\\{dyu) ^ dxA ^^^/||i2([o,T]xRp ■*“ ll^y^ ^'^^■^IL2 ([o,t]xr^) 

< £iC'^{dyu) ^ dxA ^^/||i2([o_T]xR^) ^^^y^\\L^{[o,T]xm.l) 

TC'e^.e (^11 (y) ^ + II (y) A 

+ C'ei,e (||'9y/||L2([o_T]xR^) + IUIL2 ([o,t]xR^) + 11^ ^^^11 L2(R(^)) ’ 
which implies, choosing ei > 0 sufficiently small, 

II (a,«)‘'"a.A-“/y||“2,|„^|^.2, + ||a;A-'/y||^,j|^^|^,, j 

< e ||A ^ ayA||,^2^|Q y.j^„^j 

+C, (II (»>■"'" a,A‘/«/||’,„„,,|^,^, + II (!/)'A-‘''=a.9|ll.,|„,,.|y,;,) 

+Ce (||ay/||,^2,[Qj-jy|t2 , + ||/|L2 ([o,T1xR^) ^ 11^ ^^^1,^2,,,3)) . 

with e > 0 arbitrarily small. This, along with 

IIa‘'’/||I.„„., 12.2, < c||(ay„)-'^A>/Vf„„„^y,^.2j 

< C|| {y) ^ 9a;A '^^/||i2([o_T]xRp + ^IUIIl2([0,T]xR^) 

due to HU, implies, for any e > 0, 

< e||A ! '^y^llL2([o,T]xM^) 

AC'e (II (y) ^ dyK ^*"/||i2([o,T]xRp + II ^ 

+ Ce (||i9y/||j^2([o,T]xR^) + lU II L2([0,T] xR^) + 11^ ■ 

This is just the first estimate in Proposition 12.41 And the second estimate follows from (|3.21|) since \dyu\ is 
bounded from above by {y)~'^■ Thus the proof of Proposition l2.4l is complete. □ 


4. Property of inducative weight functions 


This section is devoted to proving the Lemma 12.11 Lemma 12.21 and Lemma 12.51 used in Section [21 
Recall, for m > A^o + 1 and 0 < i < 3,y > 0,0 < t < T <1, 

(3m+f)cr 


wi = (1 + 


2 cy 


(3to + i)a 
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— Ym2 


thus 
(4.1) 

provided Nq + 1 < m 2 < mi and 0 < £2 < ^1 < 3. 

Next we list some inequalities for the weight W^. Observe the function 

-7 


7 


i + £M 

7 


is a monotonically decreasing function as 7 varies in the interval [1, +oo[ for y > 0. Thus 


(4.2) 
and 

(4.3) 


0 < £ < 3, 


f 

mi J 


miJ IIl 2 (R^) 


— \\ rrinJ 




V0<£<i<3, \\w:^J 






L=(Kx) 


< W’’ f 




provided that mi > m 2 > 1, and that 3 m 2 + i — i > 3 to 3 + i. Moreover, since 


V0<a<3, V7>1, 


+ \l + cy)-^ 


< Ca^e^^y f 1 + — 
7 


-7 


{l + cyY 


with Ca a constant independent of 7 , then the following estimates: 

(4-4) II W^m]/|L.(R2)<C||lT,;/||^, 


(4.5) 


\K W^^]/|L2(R2^) <G(l|W^m/|L.(R2^) + ||H^W|L2(R2,)) 


< C 


(ll^-/| 


L 2 (R 2 ) 




IL 2 (r 2 


+ 

i 02 


) 


(4.6) 


II ^m]/||i2(R^) < ^ (ll^m/||i2(R^) + 11 / 11 ^2 ) + 11 / 11 ^2 (r^)^ 

< ^ (||W^™/IL^(r^) + + ||ay^W^m/|L2(R2^)) 

hold for all integers m, i with m > 1 and 0 < i < 3, where C, C are two constants independent of m. 

Lemma 4.1. Under the assumption (m and dOJ. Let c be the constant given in and , Ap be 

the Fourier multiplier associate with the symbols and , respectively. Then there exists a constant 

C, such that for any m, n > 1,0 < £ < 3, and for any 0 < c < c, we have 

(4-7) ||e2^A"^A?5™u||^,(^^) < 0||A"^A?</^||^,(^^), 

and 

(4-8) ||A-A?5rHL=o,R^, u < C\\A^^A?wiU+i\ 


IL 2 (r 2 )■ 


Proof In the proof we use C to denote different constants which are independent of m. Observe uj G L° 
and w > 0 then 


IgCyAriAp^m^l 


<C||e-A-A-^ 


On the other hand, integrating by parts we have 

.dUUn2 

IIl 2 (R^) 


|gCyAriA^2. 


g 2 cy ( 


f)mn. 


Ul 


1 


ft, A'^A?- 


ijf 


a'^cy 


g2cy ( ^ri^r 2 




dJTu 




< 


1 ,, - , 
a" ^ w ' 


L 2 (R= ) 


UJ 

\e^VJ^r^^T2dy 


dffu 

LO 

dfu 

UJ 


dydx 

L 2 (R^)’ 
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which implies 


L 2 (R=) - 


d'^^u 


IL 2 (r 2 ) 




IL 2 (r 2 ) 




Thus we have, by the above inequalities, 

( C^lTfL \ / O' 

\\L^i^l)+CW^^~\ A-A-]a;a 

On the other hand, (na) and (ca) enables us to use Lemma o to obtain 

A"A;-],..a,(&)||^.,.j, < c||A"A;v.a, 

f I \ 

< C||e'»^-‘A'.A>a,(^)||^.„.,. 


IL 2 (R 2 )■ 


As a result, 

( Am \ 

the last inequality using the fact that fra = (%J“) ’ 

< C'e^^(l + 2 /)'^ < (^1 + 

for any 7 > 1. This is just the desired (|4.7I) . Now we prove (14.81) . Recall v{t,x,y) = — dxu{t,x,y')dy'. 
Then we have 

PJ-PJs^dffv = - r A-^Al^dT+Mx,y')dy' 

Jo 

Therefore 

||A-A-5>|U=o(„,; ^ 2 (r^)) < 

< C||A'^^A/W',^/m+i||^2(R^)i 

the last inequality using (ga. Thus the desired (14.81) follows and the proof of Lemma ITT] is complete. □ 
We prove now Lemma [231 recall 

fra = dffu: - = Lody (. 

UJ \ LJ / 

Lemma 4,2. There exists a constant C, such that 

(4.9) II (2/)-' + II (2/)-' < C\\W^fra\\^,^^.^y 

As a result, for some constant C, 

||A ^^m/m+l||L2(R2 ) < C'||W)^/m||j;^2(R2 ), 


|A dyW^fm+l\\i^2^^t^'j ^ r ^||'9y^m/m||i2(R^) + ||^m/rj 


Il2(r 2 )y ■ 


and 
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Proof. In the proof we use C to denote different constants which depend only on a, c, and Cf and 
independent of m. We first prove (14.91) . Observe 


are 


\ {6m-\-t)aJ \ {6m-\-t)aJ 


— (3m+^)cr/2 


< CR'^+^{R + y)-'^-^ (^1 + 

where i? > 1 is a large number to be determined later. Thus using the notation 

2cy ^ -i3m+e)a/2 


2cy 


(3m + £)a 


— {3m-\-i)a/2 




(3m + 1)(7 


{R + y) 


— ( 7—1 


we have 


= II it)-' 






U) \^+J 

< C/i'+‘||P'» 6 » ,^^11,.,.., + II [Wi. 
On the other hand, using Lemma l3.II 


1 n'^n } n'^ii n'^ii 

II (y)-^ [Wi, cu]^||^,(„^^ < i?||[A^ 

Combining these inequalities we conclude 

(4-10) II (2/)-' 

Moreover, observe = 0 and thus we have, by integrating by parts. 


om 

II 2cy7R ktjZ '^x ^ ||2 

Ir ^ IIl 2 (r^) 


K,t{y)f ( I A^/^^dydx 


1 

4c 


/ r (dye^^y) K,{y)f ( a ^/ 3 ^) Km^-^dydx 
Jr Jo \ w / u! 


1 

1 

4c 


{dybi^,iy)) A^/^^dydx 


c4cy fuR 


{bi,e{y)y 


dy ( A^/3 


dr. 


"U 


,dJPu 


A^/3 —2 - dydx 


which, along with the estimate 




gives 


nr. 

iie^^^ybi ,A^/3^ 


U ||2 


a; Wl^RI) 


\dybii<{c+{a+l)R 


C+{a + l)R \ i^2cvr.R aC3^||2 

2 c II w lli^m) 


1 firn^ 

. fw ^- vby ^' — 

2 c" ’ uj 


Il 2 (]r 2 


W'^ybi a ( a ^/3^“ 


^ I ||z,2(r^)- 


Now we choose i? = 1 + 2{a + l)c which gives i? > 1 and 

(^ + i)i?-i<£. 

Then we deduce, from the above inequalities. 




Ll 2 (R 2 




dVJu 


Il=(r 2 ; 
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Moreover, observe R> c ^ + 1 and the monotonicity assumption oj > C^^{1 -\-y) and thus 


< c{l + y) ‘"(l + cy) ^(^1 + 

/ 1 , 2 c?/ 


2cy 


— (3m+^)cr/2 


< cC'*u;(l + cy) 1 + 


(3m + £)a ^ 

— {3m-\-£)(T/2 


(3m + i)a 


As a result, we obtain 


< C 4 . wia ^ 


uj J 


which along with (14.1011 gives 

\\{y)-^WidTu\4,^^. 


< c\\ojWidy 


dJl 




< c|Ka, 8 , + c|| 


LU 


a; y 


/ 9 \ —(3m+£)cr/2 

Using the notation PmAv) = + ( 3 m+i)a ) + c2/)“\ 


. irt] 8 ,(^)IL.,.i, = lib. A'''’lft»,<(s)a 


X 


u 


y\ ^ J 

d^u 


= \\[^{vA^ {v) p^Av)dv 

/Om 

< C\\{y) PmAvA, 


UJ ; 


< c\\p m, t{yA9, 

< C\\Wlujdy 

Then, combining these inequalities we conclude. 


UJ ) 

dJPu'' 


y\ UJ J 

dJPu'' 


UJ J 


\\{y)-^WidTu\\^,^^,^^<C\\wiujd, 
For the other terms in (14.91) . we have 

^|Il 2 (R^) 


dlTu 


L2(R= ) “ ^ll^m/™IL2(R2 )■ 


< 


-^widTA 


f 

mjn 


< II (2/)”'</-IL2(r^) + UidyAM (?/)-' 

+ ||[(5,a;)/a;, <] (y)-^ 

< II (2/)-^</«.|L2(*2^) + c|| (?/)-^<a>||^,(^.) 

< C'||VF„/m||^ 2 (R^)i 

Thus the desired estimate (SH) follows. As a result, we have 

< ll^m/™IL2(R^) + IKy) ^™'^^'“IL2 (r^) < C'||W^m/m||^2(R^)- 

Similarly, we can deduce that, using (iri) . 

||A ^^!/^m/™+l|lL2(R^) - ^ (ll^!?^m-^™IL2(R^) + ||^m/”i||L2(R^)) ■ 

Thus the proof of Lemma 14.21 is complete. 


(9™?; 


□ 
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We prove now the Lemma [2^ by the following 2 lemmas . 

Lemma 4.3. There exists a constant C such that, for any m > 1 and 1 < £ < 3, 

Proof. We can write 

2cy 


A1/3a-2w^-i = e^cy I ^ 

where 

amAv) = ( 1 + 

Direct computation gives 

\aniAy)\ = (1 + 


(3to + £ — 1)(T 
2cy 

(3m + i — l)cr 
2cy 


(3m+£— l)o' 


(l + cy) = amAy)^s 


(3m+^ —1)<7 


1 + 


2cy 


(3m + i)a 


{3m+£)<7 


< 1 + 


(3m + i — \)a 
2cy 


a 12 


1 + 


2cy 


(3m + £ — 1)(T 

^ <7/2 

j <C{yr^A 


(3m+f)c. 


1 + 


2cy 


(3m + i)a 


(3m+j;)c. 


(3m + £ — l)a, 

Moreover observe \dyam,e{y)\ < 2c |am,^(j/)|, and thus 

|'9ya™,f(2/)| < ■ 

As a result, 

II Ar^i^dyA^i^AAwAAA\L^eM.i) = II {a^,AAwifA IL3(k^) 

^ II (y) ^ 0“m,ldyAg II j ;^ 2 ( r 2 ) + II (y) ^ AyOmA fm\\ L'^ {R^ ) 


< C^||l9yA^ W^m/m||i2(]up 

The proof of Lemma [331 is thus complete. 


||A,-"</„ 


IL2(r2 ) 


□ 


Lemma 4.4. There exists a constant C, depending only on a, c, and C, , such that for any integers 
m > Nq + 1, we have 

2 

||<('m+l^m+l/7n+l||£oo([Q T]. L2 (r 2 11 l9y A 3 *^m+l^m+l/iTi+l||i2([o_T]xR3 ) 


i=i 


< 


^\\4‘m^mfm\\L°°{[0,T]- L3(r 2)) ^ '^m^m/™llL2([o,T]xR3 )’ 


i=i 


and 


ll^yA Vm+lW^m+l/m+l|L2([o,T]xR^) 

2 

^ ^ll*^m^m/™||£oo([o,T]; L^iR%)) + c^||ajA-^ 

i=i 

+C'||5yA Vmi^m/m|L2([o^T]xR^)' 

Proof. In the proof we use C to denote different constants which are independent of m. In view of the 
definition (12.11) of fm, we have, observing (14.11) . 

Il'/'m+li^m+l/m+l IliooQg^T’]. L2(R^p 

— ll'^m+l^m+l^a;/m||ioo([Q_7’]. L2(R^p + \\4‘m+l^m+lAx{{dyA/A]^x 11 L=o ([0,T]; L^{R\)) 

— ||?^miAm+lA /mll^ooQQ^T]. l2(r^)) ^11 (y) ‘t’mWm^x 11 ([0,T]; L2(R^p 

— ^ll*?^m^m/"i|lL“([0,T]; L2(r2))j 
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the last inequality using 611 ) and 631 )- Similarly, using 631 ), we can deduce that 

||^y'/'m+l'^m+l/m+l||x,oo([o,T]; ^ 11 11 ([0,T]; L^{K%)) ^ 11 11 ([0,T]; L2(R^))' 

The other terms 

ll^y^ ^ </’m+l^m+l/m.+ l||ioo([o,T]; L=(R^))’ ll^y^ ?^m+l ^m+1/m+1 11 j;^oo qq.T]; L^{K.%)) 

can treated in the same way, thanks to (I4.5p and (14.61) . So we omit it here. Thus the proof of Lemma HU is 
complete. □ 

Proof of Lemma \2.5\ Observe 


(1 + y)' 


(3m + £ — 1)(T 
Yc 

(3m + (. — l)tT 


2c 


2cy 


> C . 

2c 

> Cm~'i ( 1 + 


(3m + i — l)cr (3m + i — l)a 

2cy 


1 + 


(3m + £ — 1)(T 


2cy 


(3m P £ — \)a 


Then 

(4.11) (l+j;)-T(l + 

Moreover we find 
2cy 


2cy 


1 + 


(3m + £ — l)cr 


(3m P £ — l)tT 


(3m+^)cr 


(3m+^-l)<7 


> Cm 2(1 + 


2cy 


(3m + £ — l)tT 


(3m+f)g 


(3m + £ — l)(j 


(3m+^)cr 


(3m+£)<T 

{{im + £ — \)a + 2cy) ^ 


(3m + £ — l)(j 


(3m+^)cr 


(3m + £)a \ ^ f (3m + £ — 1) 2cy 


> 


> C[l + 


3m + £ 

3m + .^ — 1 

2cy 


(3m+f)c 


1 + 


(3m + (3m + ^)ct 

_ (3m+^)(7 

2cy ' 


{3m+e)„ 


(3m + £)(t 


(3m + ^)ct 


(3m + ^)cr 


which along with (14.111) gives 


1 + 


2cy 


(3m + £)(t 

As a result, recalling 


(3m+^)cr 


< Cm2 (1 + y) 2 ( 1 -(- 


2cy 


(3m+^-l)a 


(1 + y)-5= (1 + y)-ie^^y ( 1 + 


2cy 


(3m + £ — 1)(T 


(3m+f-l)o- 


(3m + £ — 1)(T 


(l + cy)-iA + 


we have, observing cj) 2 = </> 2 ^ 

||r^A,-2<),^l</™L3([o.T]xR^) < Cm-/2||(1 + y)-f 

that is, recalling F = and / = Vm, 

II<^"^/"-F’IIl2([0.t]xrO ^ Cm'^^^W (y)”^ A1/V|L2([0 ,t]xr^)- 

Moreover, using (HU) and 63) we have, observing 

\\dyk ^'^^C||j;,2([o_t]xr^) = ||'9yA ^^^W)^/m||j;^2([o_T]xR^) 

< + CP,A-l/3A72<^^tTirVm||L2([0.T]xRi) 

+C||A-V3A-VLw^i-V^IL2([0.T]xR2,) 

< +C'(ll'('m^W^m”Vm||L2([0,T]xR^) + 11 ^ Vm 11 ^2 ([o,T] xR^) ) ' 
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Then combining the above inequalities, the first estimate in Lemma 12.51 follows. The second one can be 
deduced similarly. In fact using (14.31) and (14.61) gives 




L2([o,T]xKd) W V <5 


- /”i|Il2([o,t]xR^) 11L2 ([0,T] xR^) 


+C||5,A-2/3A,-2<^i-iwl-Vn 


Il2([0,T]xR= ) 




lL2([0,T]xRd) 


< ClIfl^A”^/^ fll + ClIS^A”^/^ f II 

— ^Iry^'- -I IIl2([o,t]xr^) ^ II !/ •'llL2([o,T]xRd) 

+ C' ^/m||L2([o_T]xRp + ^/™ 11 L2 qq j ' 

This is just the second estimate in Lemma 12.51 The proof is thus complete. 

5. Estimates of the nonlinear terms 


□ 


In this section we estimate the nonlinear terms defined in (I2.13L and prove the Proposition 12.31 

Recall 

m / \ m —1 / \ 

1=1 ^ 1=1^-^^ 


i=i 

,-2 




dyU} 


-I m— 1 


i=i 


E ( j ){div)idr^u)-2Afcl^lwi 


9y^\ f 

Jrr 


+Af (dqi) Wifm + [ud, + vdy - dl Afct^lWi,] fm 

= Jm,t,S + 1^5 ^ + [uOx + vBy —dy,A^ /m, 


where 


m / X m—1 , \ 

.7 = 1 ^ .7 = 1 ^ 


-A7^/ IT^ 

(5 Tm ** m 


d,. 


dyUJ 

U! 


J VJ 


E r){div){d:^-^n)-2Af^lwi 


a. 


UJ 


fn 


We remark it is suffices to prove the estimates (12.151) and (12.171) in Proposition 12.31 since the esimate 
(|2.16l) can be treated exactly similar as (12.151) . Next we will proceed to prove (j2.15l) and (j2.17l) through the 
following Proposition 15.II and Proposition l5.2l Propositionis devoted to treating the term in the 

definition of Zm,i,s, while the the other two terms are estimated in Proposition 15.II 

To simplify the notations, we will use C to denote different constants depending only on cr, c, and the 
constants Co, C* in Theorem ll.il but independent of m and <5. 

Proposition 5.1. We have, denoting F = and f = 

W^^/^Af {dql) </7n|L2([0.T]xRi) + W^>d,+vdy - dl 


< mCU-^/^Fl 


L2([0.T]xR^) ^II^!1-^IL2([0 .T]xR^) 


and 


||A ^dyCjj^^'^Ag Vm||^2([o,T]xR^) 

+ \\A-idy(l)^^^[ud,, + vdy - d^, K^(l’t^W^^]fm\\^2(^[o,T]xKi) 

< C'll (y) A3+ C||9j^A ^/||i2([o_T]xR^) 


+mC||A 3(j) 


yYm '’’’m J"i|lL2([0,T]xRi) ^11^ ^^ I ([o,T] xR^)' 


Proof. It is sufficient to prove the second estimate in Proposition 15.11 since the treatment of the Hrst one is 
similar and easier and we omit it here for brevity. Observe 
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and thus 

We write, using (ED, 

\\A-idy(l)^/^[uda: + vdy - d^, Vm||i2([o,T]xR^) 

< \\[ud:^ + vdy - dl, 

+11 [ud, + vdy - dl A-§a,<^i/2] a,-2^1-iw,1-V™|L2([o.t]xr^) 

= Qs.l + Q5,2- 
We first estimate Qs,!- Observe 

||[Mi9a;, A ^dy(j)^ Ag (j)^ ]■^™IIl2([o_t]xr5.) 

< II A 3 A^ (j)^ dy\ 4 ) / /m||j;,2QQ^7n]xR^) 

+ 11 udx, A sAg (j)^ \dy, ] (j) ! /m||^2([Q_7’]xR^)' 

On the other hand, we compute, using Lemma [XT] and (I4.4L 
II [w^a;, A ^ Ag <(>L ^'9!l]</’^^^/m||j;^2([Q_'r]xR^) 

II [wcla;, A Ag (j)^ \dy(j) / /m||j^2([Q_7’]xR^) 

+ ||A (j)^ \udx, dy\(j) ^ /m|L2([o,T]xRp 


< 


< C| 

< ^1 


A-iA72<),i-iwl-'a,(/<i/V. 


Il+[0,T]xR3 ) 


-lA-g^t^Wt\dyU)dx^^l^h 


Il2([o,t]xR+ 


+c|| fe)- ASa''A7"a;„-‘<-‘/.4l„,i„,Ti.«i)- 

Similarly we also have, using again Lemma |3.11 

||[ir5„ A-§A,-V„7'[9„ <-'] ]^'/V«^|L2([o.T]xRi) 

< CIIA /"*IIl2([o_t]xr^)- 

As a result, combining these inequalities, we have 

||[u9a;, A 3dy(j) ^ Ag 4>m 11 ([0,T] xR^) 

< C||9,A-t/^-lW:-V,n|L2qo.T]xRp +^I|A-4L-^<-V™|L2 ([o,T]xR^) 

+ C||(2/)--A^l/%-V^-lW:-Vn.|L2([o.T]xR3,)- 

Similarly, repeating the above arguments with udx replaced by vdy and dy respectively, one has 

||[i;aj„ 


+C||A-§0i-iW,l-V. 


Il2([o,T]xR2 )’ 
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and 


< 


||[i9y, A 3dy(j)^/'^Kg ^]/™IIl2([o_t]xrP 

As a result, we conclude, combining these inequalities, 

Ob.i = ||[iiai+ »8,Yia,<i'''“A7Vb‘iT!r']/m||i,,,pT,^,2, 

< C|| (!/)-"+ 1,2.2, 

The term (55,2 can be treated similarly and easily, and we have 
<55,2 = II [ud^ + Vdy - dl, A-35y(?!>l/2] A^Vm ^W^m”Vm||i2([o,T]xR^) 

+C||5,A-§/„-l<-V™|L2ao.T]xM=,)+^l|A-®/™^^^^V^|L2ao,T]xMi^ 

Thus 

\\K-idy4>^/'^[ud^ + vdy-dl, A;^2^f5ilT,^-Vm||i2([o,T]xR^) 

< C|| (y)--A4l/%-^<^i-l<-V^|L2qo.T]xn) 

+(7||5yA 3(/)„ IT^ /™IIl2([0,T]xR^) ^11^ /™IIl2([0,T]xM^)- 

This along with (15.11) gives the second estimate in Proposition [5111 The proof is thus complete. □ 

Proposition 5.2. Under the induction hypothesis (12.9P (12.101) . we have, denoting F = 

, < ™C||F||„(,„ ,.,2.2) + CA— {{m - 5)!)«-+"*, 

and 


< mC (||A-^/3A,-^/^-i<-V™|L2([o,^],r. ) + ||A-^/35,A,-^<^i-i<-V™|L2([o.T]xR=)) 

+CA^-^ ((to - 5)!)^^^+'"^, 

where the constant C > 0 is independent on m and 5 > 0. 

We first prove the first estimate in Proposition 15.21 In view of the definition given at the beginning of 
this section, we see, 

11'^ ^ '^'".^.' 5 |Il 2 ([o,t]xR^) - II'^"*.^.' 5 |Il 2 ([o,t]xR^) 

(5.2) ‘(’m^m(^x^)'9!//m-i||^2([o_T]xRd) 

m -1 , , 

+ E 7 (^^^)(^™”^“)IL=([o.t]xr^) 

1=1 ^ 

+ 2|| A^ 4>mWm [9y (' 9 yW/w)] /m 11 j^2 ('[q 7^] ' 

And we will proceed to estimate the each term on the right hand side of (15.21) . and state as the following 
three Lemmas. 
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Lemma 5.3. Under the same assumption 

m—1 / \ 




+ CA^-^ ((m - 5)!)3('+'^). 

Proof. We first split the summation as follows: 

y~'. IIl2([o,t]xR^) 

m-l , V 

i^m-2 ^ 

m—3 / \ 

X] j J 11^5 ^^m^m('9x^)^y/m-i||i;,2([o^T]xR^)- 

for the last term on the right hand side, we use (14.31) to compute, 

11^5 4>mWm{^x'^)dy fm-j 11 ^2 

^ \\4'm^m{9iv)dyfm.-j\\j^2(^[Q^X]xRf) 11(5;jr')l9y/m-j 11 ^2 ("[g^T] xR^) 

^ \\4'm.^mi9iv)dy fm-j\\ j^2^[Q^X]xK.‘f) \\'i'rnWmi^x^ f'>^-t\\(^[0,T]xK.‘f) 

+ I kli (^» (^y /m-J ) IL 2 ([o.T] X R2^ ) ■ 


Moreover as 


Thus we have 


(5.3) 


m-l , V 

m-l y s 

j^m-2 ^ ^ 

m—3 / \ 

m—3 / \ 

+ X j j lkm^m(^K"'’^^)^y/m-i||^2('[o_T]xR;() 

m—3 / \ 

X yjj\\^m^m{9iv){dydxfm-j)\\^2(^[QT.^^^2^y 


Next we estimate step by step the terms on the right side of (15.311 . 

(a) We treat in this step the first term on the right hand side of (15.311 . and prove that 


(5.4) 


< m 


X ^mWmi9iv)dyfm-j\\^2nQrp]^^2\ 

=m-2 
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To do SO, direct computation gives 

j=m-2 ^ ^ 

y~! (1 + cy) ^^(3^v)9y/m-i||j;^2('[o^T]xR^) 

(1 + cy)-^ </'L5>|L.([o,T]xRi) 
[e2'=^(a,/^_,), A,-2A^/3] + 


< 


< 


j=m-2 

m—1 

E 

j=m-2 
m —: 

+ E 


m 

'm 


j=m-2 


On the other hand, by (12.7L 

X;‘ (’") ||U‘»(a,/„_,)Aj>A'/» (1 + oj,)-‘ ^ 1 ^.., 

j^m-2 ^ 

m-1 ^ V 

^ E + IIl2(R+; L“([0,T]xRx))II^'5 ^^^x^IL~(R+; I,2([0,T]xRx)) 


< 


j=m-2 
m— 1 


< 




j=m-2 

Similarly, we have, by virtue of Lemma l3.11 


m—1 

E 

i=m-2 


e^'^yidyfm-j), A,-2A^/3] + 



IL“(R+; L2([0,T]xR:„))’ 


Thus combining these inequalities, we obtain 


j^m-2 ^ 

m-1 , V 

j=m-2 ^ / 


Moreover, observe 

l~ 2 A ^/3o^ —2..,ll ^ 


L“(R+; L^qo^TJxRj,)) 


+ Cm»||A7^aLA</=>a;*-=H 


L“(R+; Z,2([o_-r]xR,„))- 


IIA-2^^ A^/3om-2 I 

|b'-5 ‘^IIL°=(R+; L2([g_-r]xR^)) 

— |b'-5 Qm^'- '^||i,oa(R_^. L2([o,r]xRx))ll 1 L2 ([q j'] xR^)) > 
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and thus 


< 


^ 11^5 ^|Iloo(r_^. L2([o_t]xRx)) 

i2([0.T]xK.)) L^([0,T] xM.)) 




oSIIa— 2 om—3 


L°°(R+; L2([0,T]x]Rai)) 




L°°(R+; L2([o,t]xRx)) 


+TO' 


3 II \-2ie Am-2 






V^m-" 

t3||^0 Qm — 2, 


3IU0 0"t-3„ 

m-2'^x ''llL°°(R+; L2QQ t^JxR^)) 


lL“(R+; L2 ([o,t]xRx)) 

Il“(R+; L2([0,T]xR^)) 

+™' ll'/’m-l'^a: ' ^|Iloo(R_,.; L2([0,T] xRx)) ' 

Then we have, combining the above inequalities, 

”1-1 /„„\ 

\e^‘^y{dyfm-j)AfA^^^ (1 + cy)-^ </>l«5^HL=([o,T]xRi) 

+ CmVm_,dT-^ 


E 


L“(R+; L2([0,T]xRx)) 


j=m-2 

< CmljA^ cjy^A ii||l°°(r^; l2([o,t]xRx)) 

TCto 1i|Il°“(R+; L2([o_t] xR*)) 

— ‘^m'A^m/™||Loo(R_^. j^2([q_7’]xR„,)) + 11 ^”i-2^m-2/m-2 11 ^oo (r^ . ^2 qq 7-] xR„,)) 

+Cm ||^^_ilT^_i/m-l||j;^oo(R_|_. L2qo,T]xR:„))’ 
the last inequality following from (14.81) . This, along with the estimate 

™ ||?^m-2^m-2/m-2||7^oo(R_^. l2([q 7.] ^R^)) + 11 ^m-1 ^m-1/m-1117^00 (r^ . L2 qq^t^] ^R^)) 

< CA"*-® ((to - 5)!)®^^+'"^ 

due to the inductive assumption (12.9L gives the desired estimate (15.411 . 

(b) We will estimate in this step the second and the third terms on the right hand side of (15.311 . and prove 
that 


m—3 


(5.5) 


t=i 

m—3 


E ( A \\^rnWmi9iv)dyfm-j\\^2(^[Q T]xRl) 


L2([0,T]xR5,) 

< C'A'"-®((to-5)!)^^^+''^ 

For this purpose we write, denoting by [to/ 2] the largest integer less than or equal to to/2, 


m—3 


(5.6) 


= S 1 + S 2 . 

We first treat Si. Using the inequality 


L2([0,T]xR^) 

< . ('9y /m-i ) 11 7^2 ([o_T] xR^ ) 





VF° < VF® for J > 1, 
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gives 



U°+3dt"4L “([0,T]xR^) 

L“([0,T]xR+; L 2 (r^)) “([0,T]xR+; L 2 (r^)) 

- ^IIl“([ 0 ,T]xR+; L2(Rx)) ^ll'^J+3'^® ^IL“([ 0 ,T]xR+; ^^(Rx)) 

- ^ll'^i+2'^i+2/i+2||ioo('[o,T]; L2(r^)) + C'| | (/'j+ 3 W^j+a/i+S 11 ^oo ^ [q^T]; L2(r^))i 

the secomd inequality using dm and the last inequlaity following from (14.81) . As a result, we use the 
hypothesis of induction (12.9|) and the initial hypothesis of induction (12.71) to conclude that if 4 < j < [m/2] 
then 

||/>°+3a^+'HL=o([0,T]xR/) ^ ^ ((■?■ - 3)!)"^'+"^ + 41^-^ ((j - 2)!)'('+'^)) < CA^-^ {{j - , 

and if 1 < J < 3 

^llL“([0.r]xR5^) - 

Moreover, using (14.41) and also the inductive assumption (12.91) . we calculate, for any 1 < j < [m/2], 

11 ^m-j ^yfm-j 11 ^2 xR/) 

^ + 11/’m-j ['^I/1 11 ([O.T] xR^) 

^ ^11/m-i 11 ^oo _ L2 (r^)^ 

< CA^-^-^ ((m -j- 5)!)^^^+'"^ . 

Putting these inequalities into (15.71) gives 

[m/ 2 ] 

^ ^ E p/JT- 2 )! ^'"' ((m - j - 


j!(m-j)!' 

+ CE jT(£r7)i - J - S)!)’*'""’) 


j^4 

3 


(5.8) 


[m/ 2 ] 


ml 




4^-7 _ 2 )!) 3 ( i+-)-i ((^ _ J _ 


_^^^m-6((m_5)!)3(l+fo 
[m/ 2 ] ^ 

<C y ^ d”^-^((m-7)!)^^^+"^~y CA"^-6((m-5)!)^^^+"^ 

< C{m - 5)!A™-^ ((m - 7)!)3(i+'^)-i ((m - 5)!)^^^+'"^ 

<(m^m-6((m_5)!)3(l+fo^ 

We now treat 82 - Using the inequality 

(/m < y < </°+2/>m-i+0 W^m < '^m-j + l ^1' j > 1, 
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and thus 


m—3 


&= i: 

i=[m/2]+l 
m—3 

^ E 




(5.9) 


i= f +1 


m—3 

^ E 

i=[m/2]+l 


t'j+2^x '*^IL°°([o,T]xR+; L2(Rx)) 


^ ||'/'m-j+l^m-j + l^y/m-j||i2([o,T]xR+; L“(R^)) 


|'/’j+2^j+2/j+ 2|| j;,oo([0_T]; L^iR^)) 




■J IIl2([0,T]xR+; L“(R:„))’ 


< 


the last inequality using (14.81) . As for the last factor in the above inequality, we use Sobolev inequality, (ED 
and (14.21) to compute 

\\4‘m-j+l^m-j+l9yfm-j 11 L2 ([o,T] xR+; L“(Rx)) 

< C:\\(j)^_^W^_^dyfm-j\\^2(^[Q^T]xRl) “*■ ^\\^m-j+lWm-j+l9ydxfm-j\\j^2(^[Q^x]xRl)- 

On the other hand, in view of the definition of fm, we have 

l^m-j+l^y/m-j+l II 2^2|'[g y] \\4’m-j + l^m-j+l^y{^x ^'^)9x {{dyLo) / Uj) 11 ^2 ^[g.T] xR^ ) 

— II ^iTi—II L^^jg yj xK^^ \\4’m—j+l^m—j+li^x ^)^x II([0,T] xR^) 

+ \\(l}°m-j+iW^-j+iid^~^u)d^dy {{dyuj)/u}) ||i2([o_7.]xR^) 

< 0||^^_^-_,_iW((j_j_,_il9y/m-i + l||^2([gj^]xR^) + ^11 (y) 11 L2 ([g^y] xR^ ) 

+c|| {y)-^ 

the last inequality using (ED and (USD. Combining these inequalities, we conclude 

||?(’m-i+l^m-j+l'9!l/m-i||^2Qo_-jn]xR_^; L°° (R^:)) 

^ ^ll^^'m-i^m-i^y/m-i ||i2('[g_7’]xR^) + C” 11 ^(’m-i+1 ^m-j+1 /m-i+1 11 L 2 ('[g 2 -] xR^ ) 

+C|| + c|| ar>"L.([„,r,x,y 

— ^Il'^!/^m-j^m-j/m-i ||j;, 2 ^[g T’JxR^) + ^ 11 + l j+ 1 /m-i+l 11 ^2 ('[g^xR^) 

+ C'||?('m-i^m-i/m-i ||j^2^[0-jnjxR^) + C'| | (/'m-j+1 j+1/m-j + 1 || L2([g,T] xR^) ’ 

where the last inequality follows from 61D and (lAl) . This, along with the inductive assumptions (12:^ . 
yields, if [m/2] + 1 < j < m — 4 then 

||/'m-j+l^m-j+l'(^y/m-i||^2([g_T]xR^; L°°{R^)) 

< CA^-^-^ ((m -j- 5)!)^^^+'"^ + ((m -j- 4)!)^^^+'"^ 

< CA^-^-^ ((m -J- 4)!)^(^+'^C , 


|/'m-j+l^m-j+l^y/m-i||i2([g_T]xR_,.; L=o(R„,)) — ^ 


and if j = m — 3 then 
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due to the initial hypothesis of induction (12.71) . On the other hand, the inductive assumptions (12.911 yields, 
for any [m/2] + 1 < j < m — 3, 


((i - 3)!) 

Putting these estimates into (15.9L we have 

7,1 


3(1+ct) 


m—4 


S2 < c 

j= [m/ 2 ] 


m\ 






+ 1 


m—3 


i: - 


mi 


j^m-3 

m—4 


^ c E 


j!(m-j)! 
m! 




- 3)!)^^^+'"^”^ ((m -j- 4)!)^^^+'"^-^ 


i=[m/2]+l ' 
_^(^^m-6((^_5)!)3(l+7T) 


m—4 


^ ^ E 


(m/2)3(m — jy 




< 


i=[m/2]+l 

C{m - 3)124'"-^ ((m - 7)!)3(i+‘^)-i 
< C'24'"-^ ((m - 5)!)^^^+'"^ . 

This along with (15.81) and (15.61) yields 

m—3 / \ 

j=i 

Similarly, we have 

m—3 / \ 

T. [“) lkK(aj”)«./".-2lL.(|„,T|x.i) S CA-« ((m - 5)!)«‘+"', 


Then the desired estimate (15.511 follows. 
(c) It remains to prove that 


m—3 


(5.10) ^ <^24-^^ 

7 = 1 


3(l + cr) 


The proof is quite similar as in the previous step. To do so we first write 

m —3 / \ 

E j j \\'^rnA^m{9iv){dydxfm-j)\\j^2(^[Q^T]xS.l) 

[m/ 2 ] 


— E (^j"^\\^rnA^mi9iv)idydxfrn-j)\\^2(^^QT]xRl) 


m—3 / \ 

E E'j lkm^m('5x^)(^y'9a;/m-i)||j;^2('[o_T]xR/) 

i=[m/2]+l 


= 5i+52. 


For the term Si, we use 
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to obtain 


[m/ 2 ] 

< E 




Then repeating the arguments used to estimate and S 2 in the previous step, we can deduce that 

((m - 6)!)^^^+'^^ . 

As for S 2 , using the inequality 

< <^m < for j > 2, 


gives 


771 — 3 


&< 

/=[m/2] +1 


Then repeating the arguments used to estimate S 2 in the previous step, we have 

52 < CA™-® ((m - 5)!)^^^+'"^ . 

This along with the estimate on Si yields (15.101) . Finally, combining (15.3L (15.4F (15. 5|) and (I5.10|) gives the 
desired estimate in Lemma lOl and thus the proof is complete. □ 


Lemma 5.4. Under the same assumption as in Provosition \2.SX we have 

E j j ll^<5 

m-1 / \ 

+ E [dy {dyUj/^)] (5^ii)(ar-^'ir)|L2([0,T]xR^) 

The proof of this Lemma is quite similar as in Lemma 15.31 so we omit it. 

Lemma 5.5. Under the same assumption as in Provosition 1 2. tA we have 

[^y ((^y^)/^)] /m||j;^2^[Q_7’]xR^) — ^Il^i5 ^m/m 11 j^2 ^R^) • 

Proof. This is a just direct verification. Indeed, Lemma l3 .1 1 gives 

11^5 4'TnWm [^V ((^y'^)/^)] /"i|lL2([0,T]xR^) 

— II ['9y ((i^ywj/a;)] A^ (/),^W^/m||^2('[Q^y]xR^) + II [^y ((^y^)/^) > ^5 ^m]‘^"i./iTi||i2('[Q 

< CIIA^ *^m^m/m||L2([0,T]xRd)' 

Then the desired estimate follows and thus the proof of Lemma [5.51 is complete. □ 


Proof of Proposition 15.21 In view of (Ea, we combine the estimates in Lemma l5.3I Lemma 15.51 to get the 
hrst estimate in Proposition 15.21 The second one can be treated quite similarly and the main difference is 
that we will use here additionally the inductive estimates on the terms of the following form 

|| 92 A- 2 / 3 </, 0 vf°/,||^ 2 ([ 0 ,t]xr^)’ 6 < j < m, 

while in the proof of Lemma 15.31 we only used the estimates on the following two forms 




J IIl°°([0,T]; L2(r2 


\dv4>^W^ /j||i2([o,T]xRd)’ 


6 < J < m. 


So we omit the treatment of the second estimate for brevity, and thus the proof of Proposition 15.21 is 
complete. □ 


Completeness of the proof of Proposition 12.31 The estimates (12.15|) follows from the combination of 
Propostion ED and the hrst estimate in Proposition EH while the estimate (12.171) in Proposition 12 . 31 follows 
from Propostion El and the second estimate in Proposition l5.21 The treatment of (12.161) is exactly the same 
as (12.151) . The proof of Proposition 12.31 is thus complete. □ 
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6. Appendix 

Here we deduce the equation fulfilled by fm (cf. [S])- Recall that 

= m>i, 

(jJ 

where u is a smooth solution to Prandtl equation (ED and uj = dyU. We will verify that 

(6.1) dtfm + udxfm+vdyfm-dlfm = Zm, 

where 

m y \ 771—1 y \ 

(7) - E (7) idiv){dyfm-j) 


i=i 


dyLO 


-\ m — 1 


-I j=i 


E ['^)idiv)idT-^u)-2 


dyLO 


frr 


To do so, we firstly notice that 
( 6 . 2 ) 
and 


Ut + UUx + VUy — Uyy = 0 


UJt + ULOx + VLOy — LOyy = 0. 

Thus by Leibniz’s formula, satisfy, respectively, the following equation 

dtd'^u + udxd^u + vdyd^u - dld^u 


(6.3) 


and 


(6.4) 


m y \ m 

= - E rA{diu){d^-^+^u) - Y,{div){dyd^-^u) 


i=i 


i=i 

m — 1 


m y K m — 1 

= - E r.Ydiu){d^-^+^u) - ^ {div){dyd^-^u) - {d^v){dyu) 
j=i V •? / 


dtd^u: + udxd'^uj + vdyd^u: - dld'^LO 


m y \ m 

= - E {Y)(9iu){dT-^+^io) - J2{div){dydT-^L0) 


i=i 

m 


1=1 

m—1 


m y \ m—1 

= - E 7 ) - E (divKdydT-^Lo) - {dTv){dyU;). 

j=l ^ / j^l 

In order to eliminate the last terms on the right sides of the above two equations, we observe dyU = uj > Q 
and thus multiply (|6.3p by — and then add the resulting equation to f|6.4p : this gives 

dffm H“ '^dxfm “t” '^dyfm ^y/m — ^m 


m y \ m — 1 y \ 

.? = 1 ^ .7 = 1 ^ 

m — 1 

E 


Zm = - 


-2 


d ( ^ 
a; 


aiSi; 

(jJ 

Q / 


-I m — 1 


(a»(ar-^ll) + (a-ll)/! 


1=1 

UJ 


dyd^U. 


yd, {^]-d^y 




where 
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On the other hand we notice that 


a ' 


UJ 




= — {dtdyUJ + udxdyUJ + vdydyUJ — dydyljS) 


(jj 


dyU! 


{dtuj + udxUJ + vdyUi — dyOj) + 2^^dy 


Therefore we have 

Z, 




m / \ m—1 / \ 

= “XI A)i^i'^)frn+l-j - [A(9iv){dyfm-l) 

j=l V J / j=l V J / 


d ( ^ 


-I m—1 


E , ){div){dT-^u) + {dTn)h 

i=i ^ 


[dxu){dyA 


, / 5„a; 


+ ( - 2 


7ft ^ \ m—1 / N 

= “E - E 

i=i t=i ^ ^ 


Q / 

a ' 


a (^ 


a; 


m—1 


-2 


a (^ 


-i j=i 

arw 


i:(7)(ai-)(3r'«)+ 


m / \ m — 1 ✓ \ 

i=i j=i 


a ' 


w 


i=i 

m-l ^ ^ 

E 7 

-J i=l ^ ^ 


o / 

C/i 


CJ 


/m- 


aya^if 


Next we will give the boundary value of dyfm and dtfm — dyfm- In view of (I6.2I1 . we infer, recalling 


^ly —0 '?^|y:=^0 O5 

As a result, observing 

we have 
(6.5) 

Direct verification shows 


dyA ^ = dlu\ „ = 0. 

y \y—v y 'y—0 


dyfm = dydffuj - 


a ( ^ 

a; 


d'fu-i^] dyd2~u, 


dyfmly—O — 0- 


CO 

1 

II 

0 

II 

a 


fm 


L V w y_ 


and thus 



(6.6) {dtfm - dlfm) |y=0 = 

II 

0 

II 

1 

to 

dy[ 


y=0 


' dyOJ 


y=0 


due to the equation fulfilled by fm- 
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